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ABSTRACT

Consideration is given to the problem of steady axisymmetric Stokes flow of a micropolar fluid past a sphere coated
with a thin, immiscible Newtonian fluid layer. Inertial effects are neglected for both the outer fluid and the fluid film.
The stream function solutions of the governing equations are obtained in terms of modified Bessel functions and
Gegenbauer functions. The explicit expressions of flow fields are determined by applying the boundary conditions at
the coated sphere interface and uniform velocity at infinity. The drag force experienced by the fluid-coated sphere is
evaluated and its variation is studied with respect to various geometric and material parameters. It is found that a
sphere without coating experience greater resistance in comparison to coated fluid. Some well-known results are then

deduced from the present study.
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NOMENCLATURE

DN dimensionless drag a, By Gyroviscosity coefficients
F drag force g=a-b thickness of coated fluid
G,($)&H,(S) Gegenbauer functions K vortex viscosity coefficient
K, 1,(A1) & modified Bessel o mcro-rotation component
I (A1) functions 0 6 -component
" . u viscosity coefficient
i phase (region)1 or 2 . ‘ functi
/=bl/a dimensionless quantity y/(' ) stream functions
p® pressures 0] microrotation vector
r r - component 2 thin liquid coated region
r6,p spherical polar 1 outer continuous region

coordinates
T stress tensor
y® velocity vectors

1. INTRODUCTION

It has been recognized that the internal degrees of
freedom of molecules play significant roles in
determining equilibrium macroscopic or thermo
dynamical properties of a substance. This has been less
appreciated by phenomenologist as these same internal
degrees of freedom may need to be recognized
explicitly in the kinematical description of non-
equilibrium process, such as momentum transport. The
simplest theory considered for structured fluids, the
theory of micropolar fluid introduced by Eringen
(1964). There are some relevant previous investigations

on creep flows in micropolar fluid mechanics as
described nicely in the book written by Lukaszewicz
(1999). Drag on an axially symmetric body in Stokes
flow of a micropolar fluid has been evaluated by
Ramkisoon and Majumdar (1976) and they observed
that the drag in the micropolar fluid is greater than that
in the classical fluid. The problems of the flow of a
viscous fluid past a micropolar fluid sphere and the
flow of a micropolar fluid past a viscous fluid drop
have been discussed by Niefer and Kaloni (1980).
Ramkissoon (1985) has obtained the solution for the
problem of a micropolar fluid flow around a Newtonian
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fluid sphere and evaluated drag force exerted on the
sphere. The Stokes flow problem of a viscous
incompressible fluid past a fluid prolate spheroid
parallel to its axis of revolution is investigated by Deo
and Datta (2003) and evaluated the drag force
experienced by fluid prolate spheroid. Recently, Gupta
and Deo (2010) have studied Stokes flow of micropolar
fluid past a porous sphere with non-zero boundary
condition for micro rotations.

In recent years, the applications of compound
multiphase drops, which are made of an outer liquid
shell and an inner rigid sphere, gas bubble or
immiscible liquid drop, have received significant
interest. The case of creeping flow past bubbles and
drops coated with thin films has been investigated by
Sadhal and Johnson (1983). The drag coefficient of a
spherical encapsulated liquid drop and an ensemble
encapsulated liquid drop has been evaluated by Kawano
and Hashimoto (1992) and Ferreira et al. (2003),
respectively. Here, we have considered a variation of
the classical unbounded problem by examining the
incompressible low-Reynolds- number micropolar fluid
flow past a rigid sphere having a thin layer of
immiscible fluid covering its surface, i.e. a thin fluid
film.  Such flows for Newtonian fluid have been
modeled earlier by Gupalo and Ryazantsev (1974),
O’Neill and Ranger (1981), Johnson (1981), Kawano
and Hashimoto (1997). Recently, a method was
developed to solve the problem of an arbitrary Stokes
flow of a viscous, incompressible fluid past a sphere
with a thin coating of a fluid of a different viscosity by
Choudhuri and Padmavati (2010).

The purpose of this study is to extend the work of
Johnson (1981) by taking micropolar fluid in place of
Newtonian fluid for outer region. This study undertakes
the problem of steady axisymmetric Stokes flow of a
micropolar fluid past a sphere coated with a thin,
immiscible Newtonian fluid layer. Inertial effects are
neglected for both the outer fluid and the thin fluid film.
It is further assumed that the motion is sufficiently
slow, the surface tension between fluids is very high
and the fluid film coating is very thin, so that the shape
of coating remains spherical. The stream function
solutions of the governing equations are obtained in
terms of modified Bessel functions and Gegenbauer
functions. The explicit expressions of flow fields are
determined by applying the boundary conditions at the
coated sphere interface and uniform velocity at infinity.
The drag force experienced by a fluid-coated sphere is
evaluated and its variation is studied with respect to
various geometric and material parameters. Some well-
known results are then deduced from the present
analysis.

2. MATHEMATICAL FORMULATION

Here, we have considered a rigid sphere of radius b
coated with a thin Newtonian fluid film of radius a
(a>b) in an unbounded medium with origin at the

centreO of the sphere (Fig.1). We assume that the
coated sphere is stationary and a steady axisymetric
creeping flow of a micropolar fluid has been established
around it by a uniform far-field flow with velocity of
magnitude U directed along z-axis.

150

Newtonian fluid coverina the sphere
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Uniform flow U along z-axis

Fig. 1. Schematic representation of flow

Let the index in the superscripts under bracket of an
entity ,® j=12 indicates the outside and inside

regions of the coated fluid, respectively. The general
form of governing equations for the slow steady motion
of micropolar fluids under Stokes approximation for
outside region can be written as follows

divv® =0 1)
—VpP +xVxo— (1 +K)VxVxv® =0 )
—2Kw+Kva(1)—nywa ®)

+Ha+p+y)V(V.w)=0

For region (2), occupied by Newtonian fluid film (
b<r<a), we use the continuity equation and Stokes
approximation of momentum equation

divv® =0 4
1, Viv® =yp® ®)
where, v® being the velocity vectors, p® the
pressures, © =uv,(r,0)€, the microrotation

vector, u; are classical viscosity coefficient of fluids,

x,Athe vortex viscosity coefficients, «,f,y are
gyroviscosity coefficients satisfying the following

inequalities
3a+p+y =0, 2;11_,_,(20,;/2|ﬁ|, x>0,

y=>0
To non- dimensionalize the equations and variables, we
put

(6)

r—ar,y® =Ua?y®, p® = A 50
a

U
a
and dropping tildes subsequently in further analysis.

Since the flow field is axisymetric, we can introduce
stream functions ™ (r,8) which satisfy the continuity
equations and related to the velocity in spherical
coordinate system (r,6,¢) by (Happel and Brenner

1983)

of) == 50 )
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v =D, 006 +v{r, 0069 =
0)

rsiné@

®)

—curl][ é(p]

and obtain two velocity components of the flow in two
regions j=1,2 as

Jo_ 1 ow?
' r’sing 06
4 0 )
vi) = 1 v
rsin@ or

Eliminating pressures from Eq. (2) and Eqg. (5) which
provides the following differential equations to be
solved for stream functions, respectively as

EX{EZ- 2V =0 (10
E‘w®@=0 (11)
Similarly, from Eqg. (3), we can get
1 2 o Y t+K) ca o
=——[E + AT E 12
Ue 2rsin0[ v K2 vl (12)
2 2y A2
whereg2 = 9~ @-¢ )6—, ¢ =cosf and
or2 2 2
micropolar parameter
2 +
2= k(24 +K) a2 (13)
7ty + &)
3. METHOD OF SOLUTION

The solution of Eq. (10) and Eq. (11) can be obtained
by superimposing the solutions of

E%p,=0 (14)
Eyy =0 (15)
(E? =)y, =0 (16)
in the form as

v =yo+y+y, an
and

y@ =yo+y, (18)

respectively.

Using the method of separation of variables, the
solutions of Eqgs. (14), (15) and (16) can be obtained,
respectively as

o =2IAr" +B,r "(AG,(¢) + BH,(£) 19)

p1=SCnr"2+Dpr M3

(ChGn (&) +DpHp ()] (20)

151

_ Z[En ‘/FKn—llz(ﬂ“r) + Fn ‘/Fln—1/2(ﬂr)]
% (EqGy (&) + FyHa (),

Fgy2 (AN)
Bessel functions and G, (¢), H,({) are Gegenbauer
functions of first and second kinds, respectively. Due to
irregularity ofGy(¢), G;(¢) and H,({) at the
symmetry axis-z, we have ignored the terms which are
multiplied by G, (&) , G,(¢) and H (&) for all values
of n (Abramowitz & Stegun 1970).

Therefore, the complete regular solution of Egs.(10)
and (11) takes the following forms, respectively as

(1)

where, K,_;,,(4r) and are modified

[Anrl_n + Bnrn +Cnr3_n +

2
,®_ & Dot +En«/Fan%(zr) 22
n=2
+Fn/r n_1(ANIGn(s)
2
[A*F=N  g*N 3N
y@_ 3t L 23)
n=2 +D " AIG ()

Using regularity condition at infinity, we notice that the

terms involvingr", "2 and 1, ,,,(Ar) must be

absent from Eq. (22) with the exception of the term r.
In order to satisfy the spherical far field condition for
the free flow, we are forced to retain only the term of
order n=2 of the general solutions for the free flow
stream function. Consequently, stream function reduces
to

(//(l)(r,g“) :[Azr‘1+Bzr2+C2r (24)
+EydrKy, (NG, (<),

W O(r,0)=[Ar 1+ B3r? +Cor+ DEr*1Ga(0) (20

Substituting the value of w(l) in Eq. (12), we get the
microrotation component as

222 (1 +x)

K

v4(r.) = [-2C,r ™+

rsin@

x E, T Ky o (211G, (£).

(26)

3.1 Boundary Conditions

The boundary conditions to be satisfied at the surface of
the fluid sphere which are physically realistic and
mathematically consistent for this proposed problem
can be taken as:

I. The kinematical condition of mutual impenetrability
at the surface r = a requires that

yO(r¢)=0
v2(r.0)=0

(27)
(28)
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Il. The continuity of tangential velocity across the
surface implies that
oy (g _oy®

or 0 (29)

a

(r.e) atr=
r

I1l. We assume that tangential components of stresses
are continuous across the surface, so that we may take

T9 =T7% atr =a, which on simplification provides

ou® 2. (1)
~ @+ ) et (1)
or or 30
5!//(2) 02(//(2) (30)
=21, + i 2
or or

IV. Next, we utilize the no-spin condition for micro-
rotation on the boundary of the coated sphere i.e.

u¢:0atr=a (31)

V. On the inner solid spherer =b, the conditions of
impenetrability and no- slip provides

y@(r¢)=0 (32)
y(r,$)=0 (33)
V1. The condition at infinity for uniform stream i.e.

y® > 1r%sin0 as r—wo gives B, =1 (34)

3.2 Determination of arbitrary constants

Applying these above boundary conditions (Egs. (27) -
(34)), we obtain

1+ A, +C, +EyKy,5(1) =0 (35)
A +By+Cy+D; =0 (36)
Co—-Ax+EoK '3/2(2.)+A§< —ZBik

37
-C5-4D5=-2 37)

2
_oc,+ R e g (38)
K

(4py +3) Ay — (214 + K)Cy + B, ({(414 +3x)
+ 22 (4 + K)HK 32 () + 24y + K) 2 Ky 5 (A) (39)
—4,uZA; + ZyZB; +2/12CZ —4/12D; =24y,
At B2 +Cor+ Dyt =0 (40)
—A 124 2B50+C; +4D; 02 =0 (41)

Solving these above Egs. (35) to (41), we found that

152

Po = [-Ax[(4+31 =312 —413)(k + 241) +
6(2+31+312 + 21%) 1o Ky (2) +
ac(4+31-312 - 413)(xc + 24) + 2.

(42)
@+31+312 + 2322 0 +
3+ 22 xupIKy/2 (D] -24,
Cp =3A(k + )[(4 +31 -312 — 413
(k+27n) +6(2+31 +312 +219) (43)
121K3/2(A) 1 -A
E, =3x[(4+30 302 —40%)(x +211,) “4)
+6(2+30+302+203) 1, ](¢ 1) - AA,

A5 =331+ 20)A(x2 + 3xg + 2442) )
Kzr2(A) /1 (1-DA,
B; =3(2+4l + 612 +313) A(«? + x4 + 2447)
xKgo(A) 1 (1 =1)A, (46)
Ch=-31(3+61 +412 4+ 213)
A(? + 31 + 2412) 47)
xKgr2(2) 1 (1-1)A,

% 2 2
Do =-3(1 + 2)A(x“ + 3kt + Zlﬁ ) (48)
Kz/2(2) /1 (1-D)A,
where
A = wf(k +221)(~4 31 + 312 + 41%)

2 .3

—6(2+31+312 +21%) 1 ]K1/2(2) -

(2+31+317 +217) up]Kyy2(4) 49)

3+ p)( + 201) x (<431 +312 + 41%)
—4(2+31+312 + 20%) 1] x K3/2(2)

We have thus determined the explicit expressions of
stream functions (Eqs. (24) and (25)) for the flow, as all
constants have been determined.

4, EVALUATION OF DRAG FORCE

In order to determine the hydrodynamic drag force F
acting on the coated sphere, which will be directed
along the symmetrical axis, we need to evaluate the
integral

F=2za’[(T" cos-T sing),_,sin0do (50)
0

Putting the expressions for the stresses in spherical

polar coordinates in Eq. (50) and evaluating the

integral, we find that
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F =27(2u +x)auC 1+2 (56)
(2w ) 2 F - —674Ua 3O"U:ﬂ
= 67(24 + k)aU Ak + 1)[(4+31 — 312 — 413) l+o Ha
(k+241) +6(2+3l + 324 2|3)y2] (1) This result has been reported in the book of Happel and
Brenner (1983).
Kaj2(2)/-A (1983)
The dimensionless drag coefficient:
where A is given by Eq. (49). The dimensionless drag coefficient is defined as
5. RESULT AND DISCUSSION DN =F /(-4mqUa) (57)

At the outset, it is instructive to consider some limiting Dy
situations of the drag force as discussed below:

Drag on a Newtonian fluid sphere in the micropolar 151
fluid (b > 0): 150
Whenb =0, i.e.,,/=b/a=0, then coated fluid sphere 149
behaves like a fluid sphere of radius a . In this case, we 148

get the value of C, from Eq. (43) as 1.47
1.46

C, =[BA(ey + &)@y + 2 + k) K3/, (A)]

Bz + 2 + K)Ky 5 (4) =3A(14 + &) (52) 0.1 0.2 03 04 05
x (2 + 244 + K)Kg 5 (A)]-

Fig. 2. Effect of thickness € on dimensionless drag Dy

Thus the value of drag force, from the Eq. (51), for different values of p, when ;=10 and ¥=0.5
experienced by the Newtonian fluid sphere comes out
as The dependence of the dimensionless drag Dy on
) 67211, + ) AUt + )31ty + 200, + 1)Koy o(2) thickness ¢ = a(l - ¢) of fluid coating is depicted in Fig.
T KBy + 21 + KKy, 5 (A) — 3411 + K) 21y + 211, + ) K (A) 2 for 4 =10, k¥ = 0.5 andu, = 50, 80,100. The drag
(53) coefficient Dy attains maximum value at e =0 and

decreases as € increases. This physically means that a
A known result for the drag force has been reported sphere without fluid coating experiences more drag
earlier by Ramkissoon (1985). while the presence of fluid coating reduces the drag on
the sphere. Johnson (1981) had also found that the drag
on a sphere is reduced by the presence of a fluid
Drag on a rigid sphere in an unbounded micropolar coating. This agrees with our outcome. In Fig.3 the

fluid (b —a): dimensionless drag Dy is plotted against viscosity u, for
U, =100, e =0.1and k= 0.5, 1.0, 1.5. It is seen
Ifb=a ,ie., /=bl/a=1, then coated fluid sphere will that drag decreases as p, increases.

become a rigid sphere of radius a . In this case, we get
the value of the constant C, from Eq. (43) as

B 3A(p + x)K3,5(4)
KKy (A) + 22(1 + K)Ky,5(4)

(54)

) =

Thus the value of drag force, from the Eq. (51),
experienced by the rigid sphere in an unbounded
micropolar fluid comes out as

_ _6mu 2y + 1) Ay + K)K3, 5 (1)
- KKy o (A) +22(p + x)Kg,5(4) (55)

A known result for the drag has been reported earlier by

Ramkissoon and majumdar (1976). Fig. 3. Variation of dimensionless drag Dy versus

viscosity coefficient p, at £=0.1, p, =100 for various
Stokes flow past a Newtonian fluid sphere in an values of
unbounded Newtonian fluid (x —o0,b—0):

In this case, the value of drag force from the Eq. (53) by
applying the limit x — o reduces to

153
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1.40
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[
1/
Fig. 4. Dependence of the dimensionless drag Dy on

viscosity coefficient p, for various values of p,; at k=1.0
and £=0.1

The effect of viscosity u, of coated fluid on
dimensionless drag Dy is shown in Fig.4. For fixed
values of €,k and y,, the drag increases rapidly when
Uy > uy,but in case of u; < u, the growth in drag is
slow. A plot of dimensionless drag Dy versus vortex
viscosity k for fixed values of €, yyand p, is given by
Fig.5. It is apparent that the small values of k
correspond to a weak drag and as expected drag
increases as k increases. This in turn shows that the
drag in micropolar fluid is greater than that in the
Newtonian fluid.

Dn 4y =150
. == Shp =100
156 -
. ’/’ e py =50
#
154 £°
s
Vs
152 ,/,
2 4 6 8 10

Fig. 5. Dependence of the dimensionless drag Dy on
vortex viscosity coefficient x for various values of , at
W= 10and €=0.1

6. CONCLUISSION

The solution to field equations are presented in terms of
stream functions for steady axisymmetric Stokes flow
of a micropolar fluid past a sphere coated with a thin,
immiscible Newtonian fluid. A number of useful results
are obtained from the solution, particularly the closed-
form expression for the drag force, the dependence of
dimensionless drag coefficient on various fluid
parameters. Since the viscosity and radius of coated
fluid is taken to be completely arbitrary, most of the
results apply to both rigid and fluid spheres. The
present model is found to reduce to some well-known
results from the literature in the limiting situations. It is
interesting that a sphere without coating experience
greater resistance in comparison to coated fluid. Also,
an increase in vortex viscosity of micropolar fluid
enhances the drag experienced by the coated sphere.
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