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ABSTRACT 

To improve the understanding of the near-wall region in a rough-wall turbulent boundary layer, we use a three level 

decomposition as an alternative formulation to the classical Reynolds decomposition. The instantaneous flow variable 

is now decomposed to a time-space averaged mean flow, a steady mean wake flow around the roughness (i.e. steady 

but spatially varying motions),and a residual fluctuating flow. In this paper, we present the momentum transport 

equations for these three components of the decomposition. These transport equations for the three velocity 

components will facilitate to establish and understand the local interactions of the mean flow, turbulence and wall 

roughness. We analyze the relative significance of these terms. The fundamental equations are derived within the 

immersed boundary representation of roughness elements. Total shear stress for rough-wall is obtained from the 

stress balance equation consisting of stress due to the roughness wake components, the Reynolds stress, the viscous 

stress and the stress due to the boundary force from the roughness. In order to evaluate the relative contribution of the 

components in this three-level decomposition, we use direct numerical simulation (DNS) to simulate flow in a 

channel with rough-walls. Surface roughness has been introduced using immersed boundary methods. The flow 

simulations are performed at Reτ= 180 and roughness height h+=5, 10, 20 for egg-carton roughness elements. 
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NOMENCLATURE 

Fbu mean boundary drag )(ˆ yUi  horizontal and time averaged mean 

Fbi  i component of the instantaneous 

immersed boundary force 
xb location of boundary 

h roughness height yw distance from the wall 
ks sand-grain roughness height overbar time averaged mean 
nj boundary normal <> spatial averaging over constant y planes 
uω spatially varying steady motion + wall-units 

'u  deviation from temporal   mean δ channel half-height 

"u  deviation  from spatial mean 
t  distance from wall to y location to minimum 

rms of u velocity 

 
  wall-normal vorticity 

ui(x,t) i component of theinstantaneous velocity   roughness elements 


iu  i component of  steady wake velocity σo mean offset of immersed  boundary 

 
1. INTRODUCTION 

The near-wall dynamics of turbulent boundary layer 

with rough-walls is an important ongoing controversial 

research area. Our basic understanding of the 

underlying mechanisms and the physics of the rough-

wall systems rely on the accuracy in both data 

measurements as well as in data interpretation. For data 

measurements, recent efforts have focused on obtaining 

detailed experimental and simulation database for flow 

over rough-walls. However, for data interpretation, the 

traditional analytical methods and the perspectives 

suitable for smooth-wall turbulence are clearly 

insufficient for rough-wall turbulence. One of the major 
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deficiencies in our understanding of rough-wall 

turbulence is the lack of inclusion of both turbulence 

productions due to the roughness elements as well as 

roughness drag introduced by these elements in the 

transport equations (Leighton 2009). 

The starting point for analyzing the various sources of 

the turbulence physics are the transport equations for 

mean, momentum and energy. However, these 

equations do not contain an explicit information 

regarding roughness, for example, the time-averaged 

Navier-Stokes (RANS) equations will not contain the 

roughness drag term and tells us little about the effects 

of roughness. Hence, alternative form of transport 

equations is required which can elucidate the roughness 

physics. 

We present an alternative set of transport equations 

suitable for rough-walls. The existence of roughness 

elements complicates the averaging process in this 

effort. Either the averaging occurs within the strictly 

liquid domain(Durbin et al. 2001), or it occurs within 

the combined solid-liquid domain (Raupachet al. 1991; 

Raupach and Shaw 1982). The former approach is 

simpler to interpret, but it is harder to generalize and 

almost meaningless when applied to random roughness. 

The latter approach is more difficult to interpret, since 

the averaging includes the zero velocity contributions 

from within the roughness elements. The advantage of 

this approach is that the transport equations are general 

and they explicitly contain roughness contribution such 

as mean boundary drag and production of turbulence by 

the roughness. Further, it is shown that the form and 

viscous drag due to the roughness elements is explicitly 

included within the mean momentum equations as a 

result of the spatial averaging process. In multiphase 

averaging approach, following Drew (1983) an 

indicator function, His defined as unity in the fluid 

phase and zero in the solid phase, is used as a weighting 

factor in the averaging process. As a consequence of 

this approach, the roughness contributes to an 

interfacial source term distributed in space. In this 

paper, we present the averaging within the combined 

solid-liquid domain. 

A three-level decomposition of the instantaneous flow 

fields is used to better focus on the underlying near-wall 

hydrodynamics. The three-level decomposition 

partitions the flow variables into a space-time average 

mean component, a time averaged component 

representing the steady flow around the roughness 

elements and a residual fluctuating flow. By first 

averaging in time, then by applying the spatially 

horizontal averaging approach the time averaged flow is 

further divided into a spatial mean term (averaged in 

planes parallel to the boundary) and a steady residual 

term. The transport equations are derived for the three 

velocity components. These transport equations for the 

above three components will facilitate to establish and 

understand the local interactions of the energy and 

stress of the mean flow, the turbulence and wall 

roughness. This will clearly provide the detailed 

mechanisms. In this study, we will present a framework 

for the transport of momentum balance. 

 

The paper is arranged as follows: Section 2 deals with 

the three-level decomposition of the flow fields and the 

derivation of the transport of the momentum equation 

based on the flow fields is in Section 3. Section 4 is the 

details of the DNS tool used to simulate the flow fields. 

The evaluation of the momentum balance equations are 

presented in Section 5, and the discussion with 

conclusions and future work are presented in Section 6. 

2. THREE-LEVEL DECOMPOSITION 

In this section we present the three-level decomposition 

of the instantaneous velocity into three components. 

The three-level flow decomposition discussed below is 

very complementary to approaches presented before by 

Raupach and Shaw (1982)and Pokrajacet al. (2008) 

though we will be focusing on applying the approach 

specific to immersed boundary method for direct 

numerical simulation (DNS).  

We use the classical decomposition of the instantaneous 

velocity into a long-time mean (represented by an over 

bar) and a deviation from the time mean (represented by 

single prime), which we refer to as the time 

decomposition. The decomposition used by Raupach 

and Shaw (1982) into a horizontally averaged mean 

component (represented by angle brackets) and a 

deviation from this spatial mean (represented by double 

prime), which we refer to as the spatial decomposition. 

These averages are explicitly defined as: 


T

ii dtu
T

xu
0

1
)(  (1) 


A

ii dAu
A

txu
1

),(  (2) 

where, T is the averaging time interval and A is the 

planar area of the horizontal(x − z) plane. The 

roughness elements do not complicate the application of 

the time averaging, but they do complicate the planar 

averaging. Raupachand Shaw (1982) defined their 

planar area as excluding the roughness elements and 

provide an excellent discussion of the impact of that 

assumption on the development of the transport 

equations of the mean properties. An alternate approach 

based on multiphase averaging (Joseph 2002) was used 

in Leighton and Walker (2007). In that work, an 

indicator function was used to discriminate the fluid 

domain from the solid roughness element. Both 

approaches are constructed to explicitly exclude 

contributions from the roughness elements to the 

averages. These two approaches yield equivalent results 

when applied to the governing equations, including 

explicit terms related to roughness drag and turbulence 

production by roughness. The three level 

decomposition adopted herein exploits the observation 

that the flow within the roughness elements by virtue of 

the imposed immersed boundary force is small. 

The instantaneous velocity can be decomposed into four 

terms by the sequential application of the time 

decomposition (Eq. (1)) and spatial decomposition (Eq. 

(2)) as follows: 

),()( txuxuu iii
  (3) 

where, ui(x) retains the time averaged wake flow 

around the roughness elements. 

The spatial decomposition based on Eq. (2) is defined 

as: 

),(),(),( txutxutxu iii
  (4) 
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where, [−]′′ represents the spatial variability (i.e. 

wakes). To keep the notation clean, we introduce 

spatially- and time-averaged velocity: 

),()()(ˆ txuxuyU iii   (5) 

also referred to as the double-averaged mean velocity 

and a mean wake flow uw
i(x) defined as 

)(ˆ),()( yUtxuxu ii

w

i   (6) 

On performing long-time average of Eq. (4), we obtain, 

  )(),(),( xutxutxu iii  
(7) 

On substituting Eq. (6) and Eq. (7) in Eq. (3), we obtain 

),()()(ˆ),( txuxuyUtxu i

w

iii
  (8) 

In summary, this is the three-level decomposition of the 

velocity fields we will employ. Here, )(ˆ yUi  is the 

time-space averaged mean flow, and the canonical 

Reynolds decomposition. The planar average of 

Raupach and Shaw would yield the same result scaled 

by
A

A
, where is the planar area within the 

roughness elements. The second term, )(xuw

i
is the 

spatially varying but steady motions around and due to 

the roughness elements. It should be noted ),( txu   or  

)(xuw

i is the steady mean wake flow around the 

roughness, as ),( txu   is the fluctuating wake flow. The 

last term is the fluctuations from the time mean 

component. This alternative form of decomposition of 

flow variables to three components instead of the 

classical two components is more suitable for rough-

walls. 

In the next section, we derive and present the transport 

equations for momentum for the components of the 

three-level decomposition and stress balance equation 

for a channel flow. 

3. DERIVATION OF THE MOMENTUM 

TRANSPORT EQUATIONS FOR THE 

COMPONENTS OF THREE-LEVEL 

DECOMPOSITION 

3.1 Derivation of the transport equation for 

time-space averaged mean flow ( )(ˆ yUi ) 
 

We start with the Navier-Stokes momentum equation 

with a body force representation of the immersed 

boundary, 

ii

ij

i

j

i fu
x

P

x

u
u

t

u



















1
 (9) 

where, fi is the body force due to the immersed 

boundary. On substituting the three-level 

decomposition of the velocity fields in the momentum 

equations (i.e. Eq. (9)), on performing the time-average 

of the resultant momentum equation, and using 

0




jx

Q

 

yields the momentum equation for the mean 

component, 
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(10) 

On performing the spatial average and using <Qw>=0, 

the resultant equation for the time-space averaged mean 

flow, )(ˆ yUi  is, 

)),(ˆ)(ˆ)(ˆ1

]),(),()()(

)()([)(ˆ
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


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(11) 

Eq. (11) represents the momentum transport equation 

for time-space averaged mean velocity component. 

 

3.2 Derivation of transport equation for the 

fluctuating component ( iu ) 

The transport equation for ),( txui
 , the fluctuation from 

the time-mean is obtained as follows: On using the time 

decomposition in the Navier- Stokes Equations, Eq. (9), 

and by performing a time-average on the resultant 

equation (which is the conventional Reynolds averaged 

Navier- Stokes equations yields, 
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(12) 

On subtracting Eq. (12) from the conventional 

Reynolds averaged Navier- Stokes equations; we obtain 

the equation for the unsteady component, 
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It should be noted that both the time-average and 

spatial-average mean of this equation is zero. 

3.2. Derivation of transport equation for the 

mean wake component ( w

iu ) 

Starting with the time-averaged Navier-Stokes 

equations, expressing the time averaged mean in terms 

of the spatial mean (Eq. (7)), by performing a spatial 

averaging and using <Qw>= 0, one obtains, 
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(14) 

On subtracting Eq. (14) from space-averaged Navier-

Stokes equations, we obtain the equation for the wake 

component as, 
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(15) 

It should be noted that this equation is independent of 

time, and also its spatial average is zero. To summarize, 

Eq. (11), Eq. (13) and Eq. (15)represent the transport 

equations for the three components of the three-level 

decomposition introduced. 

3.4 Stress balance for a channel flow: Total 

shear stress for rough-wall 

We derive the stress balance equation for channel flow. 

We start with the transport equation for the time-space 

averaged mean ˆ ( )U yi (Eq. (11)). For channel flow, the 

x momentum equation simplifies to, 
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(16) 

On integrating the above equation in the wall-normal 

direction we obtain the stress balance equation, 

 
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(17) 

Here, δ is the half-height of the channel. On the left 

hand side of the equation is the total shear for the 

rough-wall. On the left hand side, the first term 

represents the stress due to the roughness wake, the 

second term is the Reynolds stress term, the third term 

is the viscous stress term, and the last term is the 

averaged body-force term due to the immersed 

boundary or the roughness drag term. 

 

4. DIRECT NUMERICAL SIMULATION 

SOLVER 

Direct numerical simulation solver (Bhaganagar,Kim 

and Coleman, 2004) to simulate steady flow in a 

channel with rough walls is used. The DNS solver 

developed is an accurate, robust, parallel numerical tool 

to simulate turbulent flow over a complex boundary 

while retaining the simplicity and efficiency of 

computation in a Cartesian system by solving the 

governing Navier-Stokes equations exactly without any 

approximations. The coordinate system is Cartesian 

system with (x, y, z) being the stream wise, wall-normal 

and span wise coordinates. The corresponding velocity 

and vorticity components are represented by (u, v, w) 

and (ωx, ωy, ωz) respectively.  

The governing equations are expressed in wall-normal 

velocity- wall-normal vorticity formulation 

(Bhaganagar, Rempfer and Lumley, 2002). The wall-

normal component of the curl of the Navier Stokes 

equations results in an evolution equation for the wall 

normal vorticity, ωy. Application of the Laplace 

operator to the momentum equation for the wall-normal 

component of velocity yields an equation for that 

component through the use of the momentum and the 

pressure Poisson equations. For Reynolds number Re, 

the resulting equations are a second order evolution 

equation for wall-normal vorticity, ωy, and a fourth 

order evolution equation for wall-normal velocity, v as 

follows, 

,
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(24) 

In the horizontal x−z directions the spatial 

discretization is done using Fourier series expansion 

assuming periodicity as the flow is statistically 
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homogeneous. In the wall-normal y direction the flow is 

inhomogeneous, and the flows need to be well resolved. 

Hence high-resolution compact finite differences have 

been used to obtain the spatial derivatives. To avoid 

stringent time step restrictions, a semi-implicit time 

integration has been implemented to integrate the 

resultant discretized equations. For the nonlinear terms, 

an explicit low-storage, three-stage, fourth order 

Runge- Kutta scheme has been used and for the linear 

viscous terms, an implicit Crank-Nicholson scheme has 

been used. The solution at the end of each time-step is 

the sum of the solution of the explicit part and the 

implicit part. Refer to Carpenter (Carpenter and 

Kennedy 1994) for the details of the formulation 

 

4.1 Immersed boundary method 

The virtual roughness boundary is prescribed within the 

channel via a body force term, using the immersed 

boundary method, by enforcing the no-slip condition at 

this virtual boundary (Yusof 1997). Three-dimensional 

roughness-elements are introduced with an “egg 

carton”-shaped surface σ(x, z) such that 
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where, σ(x, z) is measured with respect to the channel 

coordinates, in units of δ (channel half-height), h is the 

(peak to valley) roughness height, σo defines the mean 

offset of the immersed boundary, and lx and lz are the 

stream wise and span wise wavelengths (peak-to-peak 

distance) of the roughness elements. 

We chose σo= −0.96 for all simulations presented here, 

which prescribes the virtual no-slip roughness surface at 

the bottom of the DNS domain, just above the lower 

wall. For this surface, the roughness “bumps” extend 

3h/4 above σ0, while the valleys lie h/4 below it. The 

definition of the body force term is described as 

follows: A first order temporal discretization of the 

Navier-Stokes equations is employed, 
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(26) 

where f = (f1, f2, f3) is the body force, u = (u, v,w) the 

velocity vector, p the pressure, ν the kinematic 

viscosity, δt the time-step increment, and the 

superscripts n and n+1 respectively indicate the current 

and next time level. On the immersed boundary σ(x, z), 

the velocity is zero, such that 

 
(27) 

and the body force is approximated as: 

 (28) 

where, V = (0, 0, 0). 

This method gives flexibility in choosing the immersed 

boundary not found in some other methods, since there 

is no need to line up the boundary with a grid. 

4.2. Computation of u  

The wall shear velocity (friction velocity), ut is 

obtained by solving the x(stream wise) momentum 

equation for the mean velocity, 

 
 

(29) 

 

where, f1 is the x component of the body force term f 

(refer to Eq. (26)). 

As the non-dimensional domain extends from y= −1 to 

y= +1 in the wall normal direction, integrating the 

above equation from the lower wall(y = −1) to the 

upper wall (y = +1) results in, 

 

(30) 

where, the stress at the lower rough wall has been 

defined as (ut

r )2
. The last term of the above equation 

is evaluated using a trapezoidal rule for a non-uniform 

mesh. For the smooth (flat) upper wall, the friction 

velocity is expressed as, 

 
(31) 

where, the stress at the upper smooth wall has been 

defined as 2( )ru
s

.ut is computed at every x−y grid 

point is averaged over all these locations as well as in 

time (as the statistics have reached a statistically steady 

state ut does not change significantly with time). 

5. EVALUATION OF MOMENTUM 

BALANCE EQUATIONS USING DIRECT 

NUMERICAL SIMULATIONS 

We analyze simulations of turbulent flow over rough-

wall with 3D roughness elements. The shape of the 

roughness elements is expressed by Eq. (25). We 

specify roughness elements with peak-to-peak spacing 

in the stream wise and span wise directions of 100 wall 

units in terms of smooth-wallut and three different 

heights of h+=5,10 and 20.  

The three rough-wall cases correspond respectively to 

equivalent sand-grain roughness of ks
+

= 10, 20, and 

48; the ratio of ks to the physical peak-to-valley height 

h for the three cases is thus 1.87, 1.85 and 2.2. 

These ks/h values are analogous to, for example, Case 

11 of Schlichting’s regular roughness patterns. Once the 

velocity field reached a statistically steady state, the 

computations were continued in time for about 30 non- 

dimensionalized units (usingut of smooth wall and H) 

to obtain mean statistics (which were gathered by 

averaging over x and z directions as well as time). 

Tests were performed to verify adequate convergence 

of the mean results. 

We begin the analysis by examining the root-mean-

square (rms) velocity fluctuations normalized by ut
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from the smooth wall. Figure 1 shows the rms of (a) 

stream wise, (b) wall-normal, and (c) span wise velocity 

fluctuations for 3 different roughness heights h+ = 5.4, 

10.6, 21.6. The fluctuations become more intense with 

increasing roughness height. Moreover, the peak 

location moves further away from the wall with 

increasing roughness. The distance from the wall yw is 

normalized bydt , which is defined as the distance from 

the wall to the y location corresponding to minimum 

rms velocity fluctuations. 

 
 

(a) (b) 

 
(c) 

Fig. 1. (a) Rms of streamwise velocity fluctuations, (b) Rms of wall-normal velocity fluctuations, (c) Rms of 

spanwise velocity fluctuations plotted vs. wall normal distance 

 

Next, we examine the rms of wake velocity as seen in 

Fig. 2. It is plotted against the wall distance scaled by

t
 . 

 
                                        (a) 

 
(b) 

 

Fig. 2. rms of the velocity fluctuations rms of wake 

component (a) streamwise velocity fluctuations scaled 

by rough-wall uτ, (b) wall-normal and spanwise velocity 

fluctuations plotted vs wall normal distance. 

Figure 2(a) corresponds to the rms of the streamwise 

component of the wake velocity. The strength of the 

wake as well as the wall-normal extent of the wake 

increases with increasing roughness height. The non-

zero wake extends up to ty / = 0.46, 0.62, 0.72 for h+ = 

5.4, 10.8, 21.6 respectively. Figure 2(b) shows the rms 

of the wall-normal and the spanwise components of the 

wake velocity respectively. It is interesting that though 

the rms of the v and w velocity fluctuations show 

differences only very close to the wall, but have similar 

pattern and trend for the rest of the layer. The planar 

fields of the wake velocity are examined next. 

 
Fig. 3.  Wake component of the streamwise velocity in 

the x-y plane. 

 

Figure 3 shows the streamwise component of the wake 

velocity in x−y plane for h+ = 21.6. Distinct repeated 
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patterns of the wake are evident and extend to height of 

y/δ=-0.92.  

Figure 4(a) shows the wall-normal component of the 

wake velocity in the x−y plane. Alternate patterns of 

positive and negative velocity are seen.  The structures 

are more elongated in the wall-normal direction. These 

structures extend to y/δ=-0.66, which is larger in extent 

compared to streamwise component. Figure 4(b) shows 

the spanwise component of the wake; alternate patterns 

of positive and negative velocity are seen. Unlike the 

wall-normal components, these structures are more 

inclined to the horizontal. These plots show distinct 

patterns of the wake due to the roughness, which is the 

characteristic feature of the nature of the roughness 

elements. 

 
                                  (a) 

 
                                  (b) 

 

Fig. 4. (a) Wake component of wall-normal velocity. 

(b) Wake component of spanwise velocity in x-y plane 

 
Fig. 5. Wake component of the streamwise velocity in 

x-y plane at different z locations. 

 

Figure 5 shows the streamwise component of the wake 

at different z locations in x−yplane. The staggered 

nature of the wake, which resembles the pattern of the 

egg-carton roughness of the wall, is observed. 

Figures 6(a) and 6(b) show the rms of the streamwise 

 ( rms

xf ) and wall-normal (
rms

yf ) components of the 

body-force respectively plotted in wall-units. 

 
(a) 

 
(b) 

 

Fig. 6. rms of body force (a) streamwise velocity 

fluctuations scaled by rough-wall uτ, (b) wall-normal 

velocity fluctuations plotted vs. wall normal. 

The streamwise and wall-normal components of the 

wake portion of the body-force plotted in wall-units are 

presented in Figs. 7(a) and 7(b), respectively. The 

strength of the wake increases with increasing 

roughness height. The location of the peak magnitude is 

at the same wall-normal distance from the wall. The 

rms of the body-force and the wake component extend 

to more or less the same distance from the wall. The 

rms of the body force and the wake component of the 

body force is especially useful when comparing 

roughness of different geometries. 

The evaluated stress balance (Eq. (17)) is presented in 

Fig. 8. The stress is plotted as a function of yRw scaled 

by channel half-height δ., which is the distance from the 

rough-wall taking the virtual origin into account. As 

seen from Eq. (17) the total shear stress at the rough 

wall consists of the stress due to roughness wake, 

viscous stress, Reynolds stress and stress due to the 

body force. This is validated by the linear profile of the 

total stress from Fig. 8. The stress due to wake 

components (diamond symbols in Fig.8) extends to  
R

wy =0.6, which is well into the outer layer of the 

turbulent boundary layer, on the other hand, the stress 

due body force (which is distributed stress due to 
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roughness boundary) extends to R

wy =0.1, which is 

closer to the wall. 

 
                                        (a) 

 
                                    (b) 

 

Fig. 7. rms of wake component of the body force (a) 

streamwise component scaled by rough-wall uτ, (b) 

wall-normal component plotted vs. wall normal. 

 

 
 

Fig. 8. The stress partition at the wall including 

roughness stress due to the wake (< wwvu >), the viscous 

stress (
dy

dU

Re

1
), Reynolds stress (< vu  >), stress due 

to boundary force (Fr) and total stress (sum of all the 

stresses). 

6. DISCUSSION AND CONCLUSIONS 

The starting point for analyzing the various sources of 

the turbulence physics are the transport equations for 

the mean and fluctuating components. However, when 

these equations are used for the analysis of flow over 

rough-wall, they do not contain explicit information 

regarding the effects of roughness. For this purpose, we 

require an alternative set of transport equations. We 

introduce the three level decompositions with focus on 

the immersed boundary method for direct numerical 

simulations. 

This decomposition accounts for the spatial variability 

due to the roughness. This paper focuses on developing 

novel set of transport equations for the study of rough-

wall turbulent boundary layer. The traditional Reynolds 

decomposition of flow variables has been modified to 

three-level decomposition consisting of three 

components. The first component in the three-level 

decomposition is the time-space averaged mean flow. 

The second component is spatially varying but steady 

wake motion due to and around the roughness elements. 

The third component is the residual fluctuating 

component from the time-averaged mean. 

A reasonable question at this point is why so much 

effort. The utility of this type of decomposition in 

conjunction representations of the roughness drag is as 

a means of examining the interactions of the 

hydrodynamics and roughness. In particular, the 

transport equations for each of these components reveal 

information regarding the mechanisms and the transfer 

between these components. This approach is unique in 

that the analysis guided by the balance equations, will 

focus on the forces and mechanisms of rough-wall 

turbulence. 

We derive the transport equations for the three 

components of the three level decomposition, namely 

the time-space averaged mean ( )(ˆ yU ), the steady 

wake component ( )(xuw ), and the fluctuating 

component ( iu ). In the transport equation for time-

space averaged mean component (Eq. (11)), the left 

hand of this equation are terms that are analogous to 

convection terms. The term )(ˆ)(ˆ yUyU
x

ji

j


 represents 

the convection of time-space averaged mean 

momentum. The next term )()( xuxu
x

w

ji
w

j


represents 

the mean transport of the wake momentum by the time-

space averaged mean wake component, and finally 





),(),( txutxu

x
ji

j

is the mean transport of 

spatially averaged momentum by the turbulent 

fluctuations. It is important to recognize that only when 
w

iu and 
w

ju are correlated, there is an additional transfer 

of momentum due to the wake component. An 

additional amount of momentum of the mean flow is 

altered due to the exchange of momentum between the 

mean flow and the wake. We can further explain these 

terms by considering the transport equation for the 

wake (Eq. (15)), it is seen that equal and opposite 

( ) ( )w wu x u xi jx j




and 




),(),( txutxu

x
ji

j

terms 

appear. Thus, the wake due to the roughness elements 

plays an important role in the alteration of the 

momentum of the mean flow. On exploring further, the 

mean transport equation (Eq. (11)), the right-hand side 
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term 
if̂ denotes the mean boundary drag. It defines the 

distribution of roughness drag as double-averaged 

hydrodynamic stress acting on the boundary, i.e. it 

represent the mean force acting on the fluid due to the 

no-slip condition on the boundary. Finally, we use the 

mean momentum equation to obtain the total stress 

balance equation for the rough-wall. The total stress due 

to the rough-wall is due to contribution from the 

roughness drag (body force), roughness wake, viscous 

stress and the Reynolds stress. 

We simulate the flow in channel with rough-walls 

covered with “egg-carton“ roughness elements using 

DNS. The simulations are performed for three different 

roughness heights corresponding to h+ = 5, 10, 21. We 

evaluate the various terms of the momentum transport 

equations to understand the role of height of the 

roughness elements. On examining the rms of the 

velocity fluctuations, the fluctuations become intense 

with increasing roughness height, and the peak location 

moves away from the wall. The rms of the wake 

component of velocity reveals the strength of the wake 

as well as the wall-normal extent of the wake increases 

with increasing roughness height. Distinct patterns of 

wake are revealed on analysis of the x − y fields of the 

streamwise, wall-normal and spanwise. The effect of 

roughness geometry on the flow is quite evident on the 

wake structures. 

In future, we will present the balance equations for 

turbulent kinetic energy and turbulent stress equations 

for the mean, wake and turbulent fluctuating 

components. Further, we will apply this analytical 

framework for range of different roughness shapes and 

thus we will be able to parameterize roughness drag and 

roughness turbulence production based on the unique 

set of transport equations specific for rough-wall. 
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