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ABSTRACT
Y

Numerical solutions of, unsteady laminar free convection from an incompressible viseousifluid past a vertical cone
with non-uniform surface heat flux g, (x)=ax™ varying as a power function of thedistance from the apex of the

cone (x=0) ispresented. Here m is the exponent in power law variation of the suh‘ace heat flux. The dimensionless
governing equations of the flow that are unsteady, coupled and non-linear part\l d;fferentlal equations are solved by

an efficient, accurate and unconditionally stable finite difference sch of k-Nicolson type. The velocity and
temperature fields have been studied for various parameters viz. er Pr, semi vertical angle ¢ and the
exponent m. The local as well as average skin-friction tJnumber are also presented and analyzed
graphically. The present results are compared with avail lts in literature and are found to be in good
agreement

Keywords: Vertical cone, Non-uniform surface heat flux, Free convection

CWENCLATURE

a Constant Velocity component in y— direction

fo (O) Local skin-friction in R K (1976) X Dimensionless spatial co-ordinate aong
cone generator

f (77) Dimensionlessveloc(y.i n X — direction X Spatial co-ordinate along cone

E (0) Local skin fricfmrmef Hossain and Paul v Dimensionless spatia co-ordinate along the

0 (2001) « &/ normal to the cone generator
Gr Grashofu y Spatia co-ordinate along the normal to the
- me cone generator

Gr, M fiegi Grashof number (= Gr_cosg) a Thermal diffusivity

g Acceleration due to gravity Y Volumetric thermal expansion

K Thermal conductivity n Dimensionless independent variable in Lin

y (1976)

L Reference length AT Dimensionless time-step

NU, Non-dimensional local Nussalt number AX Dlmen-.aonI.&ss finite difference grid size in
X — direction

— ) . Dimensionless finite difference grid size in

- AY

Nu Non-dimensional average Nusselt number Y _ direction

Pr Prandtl number @ Semi vertical angle of the cone

a Rate of heat transfer per unit area 1/, (0) Local Nusselt number in Hossain and Paul

(2001)
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R Dimensionless local radius of the cone
T Temperature

T Dimensionless temperature

t' Time

t Dimensionless time

U Dimensionless velocity in X — direction
u Velocity component in x— direction

1. INTRODUCTION

Natural convection flows under the influence of
gravitational force have been investigated most
extensively because they occur frequently in nature as
well as in science and engineering applications. When a
heated surface is in contact with the fluid, the result of
temperature difference causes buoyancy force, which
induces the natural convection. Recently heat flux
applications are widely used in industries, engineering
and science fields. Heat flux sensors can be used in
industrial measurement and control systems. Examples
of few applications are detection fouling (Boiler
Fouling Sensor), monitoring of furnaces (Blast Furnace
Monitoring/General  Furnace Monitoring) and flare
monitoring. Use of heat flux sensors can lead to
improvements in efficiency, system safety and
modeling.

From a technologica point of view, the studonf
convection heat transfer from a cone is of. specia
interest and has wide range of practical applications.
Mainly, these types of heat transfer problems deal Mh
the design of spacecrafts, nuclear reactor, solar, power
collectors, power transformers, steam ¢ ators etc.
Since 1953 many investigations (M&K and.Rrins 1953,

1954, Hering and Grosh 1962, Hering 1965, Roy 1974,
Gorlaet al. 1986, Alamgir 1989 Popiand Takhar 1991,
n and Paul 2001,
Alam et al. 2007)

are carried out by developi mllarlty/non similarity
solutions for ax ri problems for natura
convection flows tlcal cone in steady state.
Recently, Bgzr & Ekambavanan (2006) have

Ramanaiah and Kumaran 19
Pop et al. 2003, Takhar et

numerically ied'the solutions of unsteady flows past
plang/axi- ica shape bodies. Bapuji et al.
(2007, e numericaly studied the problem of
transient, natural convection from a vertica cone with
isothermal, non-isothermal surface temperature using
an implicit finite-difference method.

Recently theoretical studies on laminar free convection
flow of axi-symmetric bodies have received wide
attention especially in case of uniform and non-uniform
surface heat flux. Similarity solutions for the laminar
free convection from a right circular cone with
prescribed uniform heat flux conditions for various
values of Prandtl number (i.e
Pr=0.72,1, 2, 4, 6, 8,10, 100 ) and expressions for both

wall skin friction and wall temperature distributions at
Pr— o0 were presented by Lin (1976). Further, Pop and

Watanabe (1992) focused the theoretical study on the

r Local radius of the cone

v Dimensionless velocity in Y — direction
v Kinematic viscosity

Ty Dimensionless local skin-friction

z Dimensionless average skin-friction
-6(0) Temperaturein Lin (1976)

o Free stream condition

effects of suction or injection on steady free convection
from a vertical cone with uniform surfac hwlux
condition. Kumari and Pop (1998) free
convection from vertical rotating“coné with Juniform
wall heat flux. Hasan and Mujumdar (19 alyzed
double diffusion effects in free der flux
condition along a vertica mﬁ-@s&mn and Paul
(2001), Hossain et al. (2002) studied non-similarity
solutions for the fr %\lon from a vertica
permeable cone with iform surface heat flux and
the problem of lamifi na&:ral convective flow and heat
transfer from tia%circular cone immersed in a
thermally  stratifi edium with either a uniform
surface t%er or a uniform surface heat flux.
Using .a. finite. difference method, a series solution
meth dJasymptotic solution method, the solutions
have been obtained for the non-similarity boundary

uations.
and Chiou (1979, 1980) studied the non-similar

lutions for transverse curvature effects of the natural
convection flow over a sender frustum of a cone. Na
and Chiou (1979a) studied without transverse curvature
effects on the laminar natural convection flow over a
frustum of a cone. In above investigations the constant
wall temperature as well as the constant wall heat flux
was considered. Gorla et al. (1994) presented numerical
solution for laminar free convection from a vertical
frustum of a cone without transverse curvature effect
(i.e. large cone angles when the boundary layer
thickness is small compared with the local radius of the
cone) to power-law fluids. Pop and Na (1999) studied
the effects of amplitude of the wavy surfaces associated
with natural convection over a vertical frustum of a
cone with constant wall temperature or constant wall
heat flux.

The present investigation, namely, unsteady laminar
free convection from a vertical cone with uniform
surface heat flux has not received any attention. Hence,
the present work is considered to deal with transient
free convection from a vertical cone with non-uniform
surface heat flux. The governing boundary layer
equations are solved by an implicit finite difference
scheme of Crank-Nicolson type with various
parametersPr, m and¢. In order to check the

accuracy of the numerical results, the present results are
compared with the available results of Lin (1976), Pop
and Watanabe (1992), Na and Chiou (1979a), Hossain
and Paul (2001) and are found to be in excellent
agreement.
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2. MATHEMATICAL ANALYSIS

An axi-symmetric unsteady laminar free convection of
a viscous incompressible flow past vertical cone with
non-uniform surface heat flux is considered. It is
assumed that the viscous dissipation effects and
pressure gradient along the boundary layer are
negligible. Also it is assumed that the cone surface and
the surrounding fluid, i.e. is at rest are with the same
temperatureT . Then at timet' >0, it is assumed that
heat is supplied from cone surface to the fluid at the rate
0,(x)=ax™ and it is maintained at this value with m

being a constant. The co-ordinate system is chosen (as
shown in Fig.1l) such that x measures the distance

along surface of the cone from the apex (x=0), and

y measures the distance normally outward. Here, ¢ is

the semi vertical angle of the cone and r is the local
radius of the cone. The fluid properties are assumed
constant except for density variations, which induce
buoyancy force and it plays main role in free
convection. The governing boundary layer equations of
continuity, momentum and energy under Boussinesq
approximation are as follows:

Continuity egquation

0 0 B
5(ru)+a—y(rv)_0 (1

Momentum equation

A
aou A
ot ox oy
- ? 'R
gp(T —T )cosg+ UW Xy
Y, ’\‘
Energy eguation \( \
LT 2T ) ®
at ox oy
Theinitial and boundar cor@ns are
t <0:u=0, 0{ T for al x and v,
t >o:n_o,éo‘, T _a 4o
oy K 4

y’zo, T =T a x=0,
-0, T >T as y—>on.
where u and v arethe velocity components along x—

and y— axes, T' is the fluid temperature and other
physical quantities are mentioned in the Nomenclature.

Further, we introduce the following non-dimensional
variables:

Gr 2/5

L

X =%, Y:% Gr, t=

4

N T
(rl _To;:) s

= o

L{q,(L)/k]

Where Grngﬂ[qW(L)]L“/uzk is the Grashof

number based on L, Pr=v/« is the Prandtl number
and r=xsing . Equations. (1), (2) and (3) can then be
written in the following non-dimensional formi;

L

\ ¥
*‘o ®)
p 7‘

—(RU)+6—Y(RV) 0

U U au @
+U—+V—=Tc
ot X oY t:z' oY? @)
8T 6T g
ot QY ﬁ avz ®
The cor*j non-dimensional initial  and
bound itions ar
£
t%0: yo V=0 T=0 fordl X andY,
& aT )
, U=0, V=0, —=-X" a Y=0
Y )
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U=0, T=0 a X-=0,

U->0T—->0a Y-on

3. SOLUTION PROCEDURE

The governing partid differential Egs. (6)—«8) are
coupled and non-linear with initial and derivative
boundary conditions, Eq. (9). They are solved
numerically by an implicit finite-difference method of
Crank-Nicolson type which is discussed by many
authors, namely, Soundalgekar and Ganesan (1981),
Ganesan and Rani (1999), Muthucumaraswamy and
Ganesan (1999, 2000), Ganesan and Palani (2004).
Recently the heat transfer problem which deals with,
unsteady free convection flow past a vertical cone are
solved numerically by an implicit finite-difference
method of Crank-Nicolson type as described in detail
by Bapuji et al. (2007, 2008). The finite difference
scheme of dimensionless governing equations is
reduced to tri-diagonal system of equations and is
solved by Thomas algorithm as discussed in Carnahan
et al. (1969).

The region of integration is considered as a rectangle
with X, ,(=1) ad Y., (=26) where Y.,
corresponds to Y — oo which lies very well out side
both the momentum and therma boundary layers. The
maximum of Y was chosen as 26, after some
preliminary investigation so that the last two boundary
conditions of (9) are satisfied within the tolerance limit
of 10°. The mesh sizes have been fixed as
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AX =0.05AY =0.05 with time stepAt=0.01. The
computations are carried out first by reducing the
spatial mesh sizes by 50 % in one direction, and later in
both directions by 50 %. The results are compared. It is
observed in al cases, that the results differ only in the
fifth decimal place. Hence, the choice of the mesh sizes
seems to be appropriate. The scheme is unconditionally
stable and is described by Bapuji et al. (2008). The

local truncation error is O(AtZ+AY2+AX) and it

tends to zero as At, AYand A X tend to zero. Hence,

the scheme is compatible. Stability and compatibility
ensure the convergence.

4. RESULTS AND DISCUSSION

In order to prove the accuracy of our numerical results,
the present results in steady state at X =1.0is obtained
and considering the modified Grashof number
GrL* = Gr cosg , (i.e. the numerica solutions
obtained from the Egs. (6)-(8) are independent of semi
vertica angle of the cone ¢) are compared with

available similarity solutions in literature. The velocity
and temperature profiles of the cone for Pr=0.72 are
displayed in Fig. 2 and the numerical values of local
skin-friction 7, , temperature T , for different values of
Prandtl number are shown in Table 1 and that are
compared with similarity solutions of Lin (1976) in
steady state using suitable transformation [i.e.

Y=(20/9)" 5 T=(20/9)"[-6(0)], A

U =(20/9)" f'(n),7, =(20/9)" f "(0)]. In
addition, the loca skln-frlctlon 7, and O%I cal
Prandtl

number, when heat flux gradient m=0.5 %X=1.0 in
steady state, are compared with Ke nﬁmilarity
results of Hossain and Paul (200%) inuFable. 2. It is
observed that the results are i, good agreement with
each other. It is aso noticed t he present results

agree well with those of.Po Watanabe (1992), Na
and Chiou (1979) (as point inTable. 1).

Figures 3 through% sh the transient velocity and
temperature files®’at X =1.0, with various
parameters m.end ¢ . Thevaueof t with star (*)
symbol denotes the time taken to reach steady state. In
Fig. 8, trangient velocity profiles are plotted for various
values , with Pr=0.71 and m=0.25. When ¢
increases, near the cone apex, it leads to decrease the
impulsive force along the cone surface. Hence, the
difference between temporal maximum velocity values
and steady state values decreases with increasing the
values of semi vertical angle of the cone ¢. The
tangential component of buoyancy force reduces as the
semi vertical angle increases. This causes the velocity
to reduce as angle ¢ increases. The momentum
boundary layer becomes thick, and the time taken to
reach steady state increases for increasing ¢ .

Nusselt number Nu, for different values

Figure 4 shows the transient temperature profiles for
different values of ¢ with Pr= 0.71 and m=0.25. It

is observed that the temperature value and thermal
boundary layer thickness increase onincreasing ¢ . The
difference between tempora maximum temperature
values and steady state values decrease on increasing
¢ . InFigs. 5 and 6, transient velocity and temperature
profiles are plotted for various values of Pr with
$#=15° and m=0.25. It may be noted that Prandtl

number Pr increases when viscosity increases and
thermal diffusivity decreases. This causes areduction in
the velocity and temperature as expected. It is observed
from the figures that the difference between temporal
maximum values and steady state values are reduced
when Pr increases. It is aso noticed that the time taken
to reach steady state increases and thermal boundary
layer thickness reduces with increasing Pr

In Figs. 7 and 8 transient velocity andytemperature
profiles are plotted for various values m with

$=15° and Pr=0.71. Impulsi forces are reduced
adong the surface of the 65:513& the apex for
increasing values of m the'gradient of heat flux
along the cone n ex reduces with the
increasing values of due to this, the difference
between tempo um values and steady state
values reduces with.increasingm. It is also observed
that the veloc well as temperature reduces on
increasi and takes more time to reach steady state.

{)nce vel ocify and temperature profiles are known, it is
interesting to study the local as well as the average
ction, and the rate of heat transfer in steady state

in?f ion,
4d ransient levels.

yThe local non-dimensional skin friction 7z, and the

local Nusselt number Nu, are given by

7, =Gr*® [a—u} &
Y ),

s
N, &[ﬂj
T, Y ),

(10)

Also, the non-dimensional average skin-friction 7 and

the average Nusselt number Nu can be written as

r—2Gr3’5j [a_uj X &
! 6YYO

_ 1
Nu = 2Gr *® j ( J dx
0 (T)Y =0 Y=0

(11)

The derivatives involved in Egs. (10) and (11) are
obtained using five-point approximation formula and
then the integrals are evaluated using Newton-Cotes
closed integration formula. The variations of local skin-
friction 7, and local Nusselt number Nu, for
different values of ¢, at various positions on the
surface of the cone ( X =0.25 and 1.0) in the transient

period are shown in Figs. 9 and 10 respectively.
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It is observed from the Fig. 9 that local skin-friction 7,
decreases with increasing ¢, due to the fact that
velocity decreases with increasing angle ¢ asshownin
Fig. 3 and the influence of ¢ on skin friction 7y

increases as ¢ increases in the transient period along

the surface of the cone compare to nearer apex. Figure
10 reveds that local Nusselt number Nu, values

decrease with increasing angle ¢ as temperature
distribution increases with ¢ which is shown in Fig. 4.
It is observed that this effect is less near the cone apex.
The variation of the local skin-friction 7, and the local
Nusselt number Nu, in the transient regime is

displayed in Figs. 11 and 12 for different values of Pr
and at various positions on the surface of the cone
(X=025and 1.0). The local wal shear dtress

decreases as Pr increases because velocity decreases
with an increasing value of Pr as shown in Fig. 5.
Local Nusselt number Nu, incresses with increasing

Pr and it is clear from the Fig. 12, that decreasing rate
of Nu, increases when the distance increases from the

cone vertex along the surface of the cone.

The variation of the local skin-friction 7, and the local
Nusselt number Nu, in the transient period at various
positions on the surface of the cone ( X =0.25 and 1.0)

and for different values of m, are shown in Figs. 13 and
14. 1t is observed from Fig. 13 that the loca skin-
friction decreases with increasing m and the eff f

m over the local skin-friction 7, is more near the
apex of the cone and reduces gradually with i%g
the distance aong the surface of the cone from the

apex. From Fig. 14, it is noticed that neap thesapex,
local Nusselt number Nu, reducesw'th\incr % ingm,
but that trend is slowly changed“and ersed as
distance increases along the surfacefrol

The influence of ¢, Pr and.am. érage skin-friction

rin transient period is gh in'Fig. 15 and it is more
for smaller values of‘angles ¢, m and lower values
of Pr . Fig. 16 displays the'influence on average Nusselt
number Nugtr sient period for various values
of Pr; ¢§1d #Iis clear that Nu is more for smaller
valuawd larger values of Pr. Finally, noticed
from 6, there is no significant influence of m
ag

over the'average Nusselt number.
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Fig. 1. Physical model and cogrdinaté system

Lin [16] & o ®
Present results .

Pr= 0.72

U

profile

v
Fig. 2. Comparison of steady state temperature and
velocity profilesat X=1.0

0 1 2 3 4 5 E 7 8

Fig. 3. Transient velocity profiles at X=1.0 for different
values of ¢
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0.25
071 ——
1.0
7.0

—.—

Fig. 4. Transient temperature profiles at X=1.0 for Fig. 6. Trans%r%ature profiles at X=1.0 for
different values of ¢ di t values of Pr

. /‘\"’

044

03

Uoazs

024

014

Fig. 5. Transient velocity profiles at X=1.0 for different , 7
values of Pr

Fig. 7. Transient velocity profiles at X=1.0 for different
values of m
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Pr=10.71

® m = (.15

X =02
L0

[: :\‘d':’ .
z
T3 o= 15, 307, 45°, 60"
Y
i i ; F|g 10. tnumberatx 0.25 and 1.0 for
Fig. 8. Transient temperature profiles at X=1.0 for e eof ¢ in tronsiont sete
different values of m

4

Pr= 071 ‘ ¢ =15

o m o= 025 b m = 025

Ix =025 » Pr X = 025
1.0 - — 1 12 |

o 1 3 3 4 5 § ] 1 2 3 4 5 & 7 ] ] 10 1
t t

. . . ) Fig. 11. Local skin fraction at X=0.25 and 1.0 for
Fig. 9. Local skin Fraction at X=0.25 for different 9 different values of Pr in transient state
valuesof ¢ intransient state
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Fig. 12. Local Nusselt number at X=0.25 and 1.0 for
different values of Pr in transient state
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Fig. 13. Local skin fraction at X=0.25 and 1.0 for
different values of min transient state

Nu, /G '*

o = 15
Pro= 071
X = 025

L0

m= 10 07505 025 0

— /
s —
a4 %
5,
., m= 900250507510
az] Tt .
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a
o 1 3 4 5 L
t
9

I
t number at X=0.25 and 1.0 for
values of min transient state

b = 30" —
60°
{Pr, m)
07,05
071,10
(071, 0.5
07 Lm
(70,05
(70,10
(7005 R ——

TOI0) e eveeemmreceaaes
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Fig. 15. Average skin friction for different values of m,

and Pr in transient state
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Present results are compared with available results in
o literature and are found to be in good agreement. The
following conclusions are made:

1. Thetime taken to reach steady state increases with
increasing Pr, g or m.

2. The velocity reduces when the parameters
@, Pror m areincreased.

3. Temperature increases with increasing ¢ and
decreasing Pr, m values.
4. Momentum boundary layers become thick when
¢ isincreased.
5. Thermal boundary layer becomes thin when ¢ is
reduced or Pr isincreased. L
s

6. The difference between temporal m
and steady state values (for® bothivelocity and
e temperature) become less wpeﬁ‘ Pry or m
R ‘;l ﬁ”’:“ 10 increases.
__________ 4 7. Theinfluence of ¢ overthel skin friction 7,

and local Nusselt Egrnhl\fux are less near the

: 2 ; b vertex of the con hen increases slowly with
t increasing di stan§ from the vertex.

©

Fig. 16. Average Nusselt number for different values of Local and agikin-frictions increase when the

m, ¢ and Printransient state value ofsh, m isreduced. .
9. Loc d age Nusselt numbers reduce with
|W 9”¢ or decreasing Pr .
5. ConcLusioN . In/transient period, the local Nusselt number
r es with increasing m near the apex but that

N%d is changed and reversed as the distance

increases fromit.

yll. The effect of m on average Nusselt number Nu
isamost negligible.

A numerical study has been carried out for the unsteady
laminar free convection from a vertical cone with non-
uniform surface heat flux. The dimensionless governing
boundary layer equations are solved by

implicit
finite-difference  method of Crank-NicolasDoP”th.

Table 1 Comparison of steady state Iécz? in-friction and temperature values at X=1.0 with those of Lin [16].

Te‘n_lper ure Local skinfriction
Lin(1976) ri:lts ) Present results Lin (1976) results Present results
1/5 2/5
0 " 20
wo | 0O R 0 | T o (2] o]
1.52@ 0.88930
0.72 1.7864 1.7796 1.224 1.2154
) 22782 0.889302
1.6327
- .39174 1.6263 0.78446 1.0797 1.0721
1.6329 =
2 1.16209 1.3633 1.3578 0.60252 0.8293 0.8235
4 0.98095 1.1508 1.1463 0.46307 0.6373 0.6328
6 0.89195 1.0464 1.0421 0.39688 0.5462 0.5423
8 0.83497 0.9796 0.9754 0.35563 0.4895 0..4859
10 0.79388 0.9314 0.9272 0.32655 0.4494 0.4460
100 0.48372 0.5675 0.5604 0.13371 0.184 0.1813

aValues taken from Pop and Watanabe (1992) when suction/injection is zero.

@V alues taken from Na and Chiou (1979a) when solutions for flow over afull cone.
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Table 2 Comparison of steady state local skin-friction and local Nusselt number values at X=1.0 with those of

Hossain and Paul (2001) for different values of Pr when m=0.5 and suction is zero.

Local skin-friction Local Nusselt number
br Hossain(2001) results Present results Hossain (2001) results Present results
» \3/5 \U5
F (0) . /(Gr) 1/®,(0) Nu, /(Gr/)
0.01 5.13457 5.1155 0.14633 0.1458
0.05 2.93993 2.9297 0.26212 0.2630
0.1 2.29051 2.2838 0.33174 0.3324
Gorla, R. S. R. and R. A. Startman ( ral
REFERENCES convection boundary layer flaw of‘Wwater jat 4°C

Alam, Md. M., Md. M. A. Alim and M. K. Chowdhury
(2007). Free Convection from a Vertica
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Analysis: Modelling and Control 12(1): 21-32.

Alamgir, M. (1989) Overall heat transfer from vertical
cones in laminar free convection: an approximate
method, ASME Journal of Heat Transfer.101: 174-
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