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ABSTRACT

Unsteady flows of a Newtonian fluid past an oscillating infinite isothermal vertical plate in a rotating frame
are studied. Two closed forms of the velocity field are determined by means of Laplace transform method and
by the technique of coupling of the homotopy perturbation method with the Laplace transform method. The
equivalence of the obtained expressions for the velocity is provided. The friction coefficients are determined
and, the influence of Ekman number on the velocity field is analyzed by graphical illustrations. It is obtained
that, the faster frame rotations reduce the thickness of moving fluid layer.
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NOMENCLATURE
C,  specific heat at constant pressure T,, wall temperature
Ek  Ekman number T, temperature far away from the plate
g gravitational acceleration u, v velocity components along x and

Gr  Grashof number

Im Imaginary part of acomplex number
J, Bessel function

k thermal conductivity

Pr Prandtl number

Re  red part of acomplex humber

s Laplace transform parameter

T fluid temperature

1. INTRODUCTION

Rotating flow is an important branch of fluid
dynamics. In many practical applications, thermal
rotating flows occur in a variety of rotating
machinery. Also, some natural phenomena such as
geophysical systems, tornadoes, hurricanes, ocean
circulationsimply rotating flows with heat and mass
transfer. In a non-isothermal flow field, the fluid
density varies spatially with the local temperature.
If the temperature gradient is normal to the body
forces in the field, the buoyancy - driven fluid
motion emerges. Several books and articles on
hydrodynamic and heat transfer characteristics of
rotating flows have appeared (Greenspan (1968),
Owen and Rogers (1989), Soong and Ma (1995),

ydirection

dynamic viscosity

kinematic viscosity

angular velocity of the frame
oscillation frequency
non-dimensional temperature
shear stress
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Soong (2001), Muthucumaraswamy et al (2013)).
Rotating free - disk flow was first analyzed by von
Karman (1921) and, the class of thermally induced
flows related to a single disk rotating with its
environment was studied by Riley (1967) using
compressible boundary layer flow equations. The
same problem was studied by Hudson (1968) by
invoking the Boussinesq approximation. The flow
and heat transfer problem due to moving surfaces
has many practical applications, such asin polymer
processing systems, production of paper, insulating
material, etc. Some interesting problems were
studied in the references (Liao (2003), Kumari and
Nath (2005), Magyari and Keller (2005),
Siddheshwar et al (2014)). Given their importance
for theoretical and practical problems, the flows in
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rotating frame with various mechanical and thermal
conditions were addressed by many researchers
(Puri (1974), Hayat et al (2001), Abelman et al
(2009), Salah et al (2011, a b, c¢), Sdah et al
(2013)). The study of fluid flow past a heated
surface has attracted the interest of many
investigators in view of itsimportant applicationsin
many engineering problems such as petroleum
industries, cooling of nuclear reactors, the boundary
layer control in aerodynamics, etc. Until recently,
this study has been largely concerned with flow and
heat transfer characteristics in various physical
aspects (Chamkha et a/ (2001), Abd-El-Naby et al
(2003), Chen (2004), Vasu et al (2011), Narahary et
al (2011), Fetecau et a (2013), Samiulhagq et al
(2014)). In this paper the flow of an incompressible,
homogeneous, Newtonian fluid near an infinite
isothermal vertical plate is studied. The fluid and
plate are in the state of rigid body rotation around z
- axis, perpendicular to the plate. In the same time,
the plate oscillates in its plane along the x-direction
(Fig.1). The basic equations corresponding to the
considered problem, with appropriate initial-
boundary conditions, are solved by means of two
methods, namely, the Laplace transform method
respectively, by technique of coupling of the
previous method with the homotopy perturbation
method. The equivalence of the two forms of the
obtained solutions is demonstrated and, the friction
coefficients are determined. Findly, the influence
of the Ekman number on the fluid motion is
analyzed by graphical illustrations.

Uy sitet)

Fig. 1. Geometry flow.

2. FORMULATION OF

PROBLEM AND SOLUTION

THE

We consider unsteady flows of an incompressible,
homogeneous Newtonian fluid, induced in a semi-
infinite expanse bounded by an infinite plate
situated in the plane z = 0 of a Cartesian coordinate
system Oxyz. Initialy, at ¢ = 0, the plate and the
fluid are at rest with the same temperature, Two
After this moment, the fluid and plate are in the
state of rigid body rotation with a constant angular
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velocity Q:ng,lg being a unit vector parallel
with z-axis.

The fluid occupies the half-space z > 0, the plate
oscillates in its plane along the x- axis and non-slip
condition on the plate is accepted. Since, the plateis
represented by the (x, y) - plane, al physica
variables are functions of z and t only.

The equations governing the considered flow are
given by (Hayat et a/ (2001), Chamkha et al
(2001)).

ou 8%
A 20y =gB(T-T,)+v——r, 1
o v=gpB(T-T,) i 1)
2
Y o0u=v 2V o)
ot 072
ar 8T
C =k, 3
P 2 (3

where (u(z, 1), v(z, t)) are the velocity components
aong the x-axis and y-axis respectively, g the
gravitational acceleration, f coefficient of volume
expansion, v kinematic viscosity, p the density, Cp
the specific heat at constant pressure, x the
coefficient of thermal conductivity and 7(z, f) isthe
temperature of the fluid. Initial and boundary
conditions are:

u=0,v=0,T=T,,1<0, 4
u=U,sin(ot),v=0,T=T,>T,,z=0,t>0, (5
u=0,v=0,T=T,z—>0,t20. (6)

We use the following set of non-dimensional
variables and functions:
_tGrU(f Z,_Z\/G}"UO

' u ’ ’

_U70’

v

u

U(,’ v 1%
C, T, T,
0)': Va)Z,Pr:# )2 ,Gr:‘/gﬂ( wg oo))
Gru, k U,
Eh e v_Qz’ _T-T. @
GrU, T,-T,

where Pr is the Prandtl number, Gr is the Grashof
number and Ek is the Ekman number. Dropping
prime notations, the set of non-dimensional partial
differential equationsis

2
a—u—ZEkv:n9+a—L;, 8)
ot Oz
ov o’
—+ 2Fku =—, 9
ot oz? ©)
00 %0
Pr—="——, 10
ot o7’ (10)
with the initial and boundary conditions
u=0,v=0,0=0,<0, (11)
u=sin(wt),v=0,0=1,z=0,t >0, (12
u=0,v=0,0=0,z—>0,t>0. (13

2.1 Laplace Transform Technique

In this section we determine solution of the problem
(8)-(13) by using the Laplace transform method
(Prudnikov et al (1992) a, b). Applying Laplace
transform to the problem (10), (11)s, (12)3, (13)3,
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we obtain the known expressions of the fluid
temperature

o(z, s):—exp( —zJPrs), 0(z, t)—erfc[ PFJ

(14
where 6(z,s)is the Laplace transform of the
function 6(z, ¥) and s is the transform parameter.
Introducing the complex velocity field ¢(z, 7) = u(z,
f)+iv(z, 1) and then applying Laplace transform to
the resulting equations, we obtain the transformed
problems:

2
) | igkg(zt)=0(z1)+2 q(f”) . (15
ot 0z
q(0,t)=sin(wt), limq(z,t)=0, (16)
2—
%i’s) (54 2Bk )G(z5)=—te P (17
0z K
— [ L —
q(0,5)=———, limq(z,s)=0. (18)
s+ @ o
The problem given by Egs. (17) — (18) has the
solution
q(z, s)— exp( —zN's + 2iEk )

exp( z~\Is + 2iEk ) — exp(— z\/Prs)
s[(Pr—1)s—2iEk]
which can be written in a suitable form as

iexp(—zvs +2iEk ) iexp(—z~s + 2iEk )

q(z5)= 2(s+wi) 2(s—wi)
N iexp(—z~s+2iEk )
2Eks

_(Pr=1)i exp(—zs + 2iEk )
2Ek[(Pr—1)s —2iEk ]

_iexp(—zNPr v) (Pr—1)iexp(—z~Prs)
2Eks 2Ek[(Pr 1)s—2iEk]
(20)
By inverting the Laplace transform given by Eq.
(20) (Prudnikov (1992) b, Hetnarski (1975)), we get
the complex velocity field

e4”¢@J¢§o—§émwwmxég

gzn)=
#1051 2ER)
- 4;k “p(z,51/aPr) 1)
+Ee‘”rp(z,t;\/ﬁ,ﬁ)

i z\/—
" 2Ek [ N3 ]
where

az
(z,t;a,,a,)=e Y% er c(l—a \/;j
4 1¥s) f 2\/; 2

(22)

az
+ eaIa-’Zerfc[I + azx/;j,
PN

& =J2Ek-w)i, & = 2Ek + )i,
; 23
_ 2k b (23)
Pr—1

The components of the velocity field u(z¢ and
v(z,t) are given by
u(z,t)=Re[q(z,t)],v(z,t)=1Im[q(zt)]. (29)
It is important to point out the following properties
of the solution given by Eqg. (21):
a limsq(z,s)=0, limq(zt)=0,

50 t—0t

- =ik [ — eV
limsq(z,s)=———, limqg(z,t ) =———,
limsq(z.s) = =g lima(z.t) ==
and, the functions

e VE sin(zNEk ),

efz‘/ﬁ cos(zm)—]
2Fk '
are the steady — state solutions.
b. lim p(z,t;c;,0,) =2, lzm q(z,t)=sin(wt),
0"

20"

ux(z):tlirgu(z,t):z—;k

VS(Z):;ZZ?CV(Z’U:

limq(z,t)=0, lim q(z,t) =0, lm})(o(z,t, a,,a,)=0.
Z—®© Z—0 —>

2.2. Particular Case Pr=1

As seen in the previous section, in the inversion of
Laplace transforms was necessary to introduce
condition Pr = 1. But, the getting solution for this
case is very important for practical problems. It is
known that, the Prandtl number is defined as the
ratio of the molecular diffusivity of momentum to
the molecular diffusivity of heat. It is a material
property and it thus varies from fluid to fluid. For
highly viscous oils, the Prandtl number is quiet
large (Pr >100) and indicates rapid diffusion of
momentum by viscous action compared to the
diffusion of energy. In contrast, the liquid metals
have very low values of Prandtl number, (0.003 <
Pr < 0.01), that indicates more rapid diffusion of
energy compared to the momentum diffusion rate.
The Prandtl number for gases is near unity and,
accordingly, the momentum and energy transfer by
diffusion are comparable. The Prandtl number gives
the link between velocity field and temperature field
and its values strongly influence the relative growth
of velocity and thermal boundary layers. If Pr = 1,
then the thickness of velocity and thermal boundary
layers have values of the same order of magnitude.
In this case, EQ. (20) becomes

ﬁ(z,s):i( ! Jexp( z\s + 2iEk )

S+wi  s—wi

b (exp( —zs+2iEk) exp(— z\/—)J (25)

2Ek

A A

with the inverse Laplace transform
‘I](Z)t):* (11 &)= 49[(Ut(ﬂ(2t 1.&;)

(26)
+—(p(zt 1, 2iEk )—erfc[

bNG j
and the velocity components
w(zt)=Re[q,(z,t)],v(zt)=Im[q,(zt)]. (27)
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2.3 Homotopy PerturBation Method

In the previous section we have determined the
inverse Laplace transform using the transformed
velocity field g(z,s) inthe form given by Eq. (20).
Generally, the inverse of Laplace transform is
difficult to compute by using the techniques of
complex analysis. In (Madani et al (2011)), the
couple Laplace transform-homotopy perturbation
method is employed for solving one dimensional
non-homogenous partial differential equations with
a variable coefficient. The used method is a
combination of the Laplace transform and the
hmomotopy perturbation method (He (2006),
Saberi-Nadjafi et al (2012)). In the present section
we determine a new form of solution for the studied
problem using the Laplace transform coupled with
the homomtopy perturbation method. We
reconsider the problem given by Egs. (17), (18) and
construct the homotopy

— —z~/Prs
— p 8%g(zs) e
D (z,5)= ,8)— +
p(25)=4(25) s+2iEk{ o s
—z~/s+2iEk
— _ =0, 0,1
(1 p)s(s+21Ek)e pel0.1].

(29)
Note that the process of varying the values of p
from zero to wunity corresponds to that of
q(z,s)from

_ 4
S) =
W= = o E)

q(z,s)- solution of the problem given by Egs.
(17), (18). We assume that the solution g(z,s) can
be written as a power seriesin p, that is

q(z.5)=).p"q(z.5).

k=0
Substituting Eqg. (29) in Eq. (28) and comparing the
coefficients of powers of p, yields a successive
procedure to determine functions g, (z,s ). Findly,
by taking p = 1 in Eq. (29), we obtain the solution
of Eqg.(17). The constant 4 is determined by using
the boundary condition form Eq.(18);. So, we have
the following relations:

—z/s+2iEk

, A=const., to

(29)

0 .= A —zs+2iEk
: ,S)=—"—¢ , 30
P (s = k) (%0
Vs
Lq(zs)= q, + ¢
P s+ 20Ek 1 " (s + 2iEk) -
_ A efz\/.v+2iEk
s(s+ 2iEk)
and, using Eq. (30), we obtain
1 _JPrs
z,8)=———¢ V7 32
s = k) (22
k= I
: S)=——q,_(z,5),k>2,ke N, (33
P g(zs) s+2iEqu RERY, € (33)
27
where, the notation g, (z,s ):% has been
z
used. From Egs. (32) and (33) we get
- (Prs)k_l —zNPrs
z,§)=——"—— 34
U(=s) s(s + 2iEk )* (39
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respectively, the solution of Eq. (17) in the form

Gzs)= e

s(s+ 2iEk)
(Prs)!

i s(s+ 2iEk )t

Function g¢(z,s) given by Eq. (35) satisfies Eq.

(18),, namely, li”foq(z’s) =0.Using the boundary

(35)
oV

condition from Eq. (18);, the final form of the
solution is obtained as

_ 0]
z,5)=
9(z5) Lz +a’

:|e—z\/x+2iEk + H(S)e—zm)

(36)

(Prs)
H(s)= Z;'s(s+21Ek)

It is important to point out that function g(z,s)
given by Eq. (36) is identical with that obtained in

the previous section, namely with the function ¢(z,
s) given by Eq. (19). To show this, we rewrite H(s)
in the following equivalent forms:
Prsios
_1y ( Pr ) 1[1 .
Prsio\2iEk ) s\s 2iEk

Now, using the property
we obtain that

@ k
W) =01

() {g [ 2iEk ]
I

The expression given by Eq. (40) can be simplified
by using the properties of Bessel functions ( Watson
(1995)). Finaly, we obtain

37)

H(s)=——
(398)

(39)

1
2iEk

11
+

_(_ _

s\s
k—l
p( 2iEk

(k)

/]

]JO(Z«/— )du

Pr
2iEk

—Z[

1 (Pru
(k -\ 2iEk

=10 pPrs Y
Z_[s+21Ekj
1 jk
If g(s)=L{f ()} then
L‘l{lg(lj} = Tf(u)Jo(Zx/E)du,
S S 0
\/_ 0 k-1
_ eZIEkJ () j
J oReVH 2zEka1
Jec
0
(40)

P
2iEk

(Pr—Du
2iEk

]—/O(ZM)du.

Pr 2iEkt
M) =——ex , 41
n(1) = r p[Pr—lJ (41)
respectively,

h(t)y = LY{H(s)) = 2Ek{ exp(%ﬂ (@2)

Using Eq. (42) we obtain for the function H(s) the
new form

H(s)=- !
~ s[(Pr—1)s — 2iEk]”

Replacing Eq. (43) in Eq. (36), we obtain the same

43)
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form as that given by Eq. (19), therefore, functions
from Egs. (36) and (19) are identical. Applying the
inverse Laplace transform to Eq. (36) we obtain the
complex velocity field in the new forms, namely

| ]

2iEk(t-7)
0

1 .
= i —7)— Pr-1
q(z,t) ; I 2iEksno(t-7)-1+e P

2
—2iEkrfz— z_
xe T T
2t nr
: 2iEk(-7) | _Z2Pr
+ L I l-e P-1 |e 4 zfPr dr,
2iEk o 2t It
(44
respectively,
1 K Z?
Zt)=——— 2iFksinw| t ——— |—1
azt iEkN7 I { [ 4sz
eV
+ex, 2iEk t—i exp| — x2+i dx
P Pr—1 4x° P 4x?
© . 2 7):2
+ I 1—exp 2IEK t—ZP2r ¢ dx.
I Pr—1{  4x iEk7
P
(45)

Obviously, the expressions given by Egs. (44) and

(45) are equivaent with the expression given by Eq.

(22).
3. FRICTION COEFFICIENTS

In the studied problem we are interested of the shear
stresses

ou(z,t) ov(z,t)
2z oz

r(an) =S () = (46)
By using dimensionless variables given by Eq. (7),

the non-dimensional stresses

=g 2o pURGr, (47)
%0 70
are given by (dropping the prime notation)
r(zt)—M r (Z,)_M (48)
X 1 62 ’ y ’ 62 1
or, by the following complex stressfield:
2(et) = 1y (0) +ir, (2,0) = 24ED. (49)
oz

By applying Laplace transform to Eq. (49) and
using Eqg. (19), we obtain the image function

F(es) = 0q(z,s) _ Prse_Z\/m
6z s[(Pr—1)s — 2iEk]

'S + 2iEke—Z\)S+2iEk
 S[(Pr—1)s — 2iEK]

50
_ ons+2iEke™ Vs+2iEk 0
S2 + 0)2 .

The non-dimensional friction coefficient, in the
transform domain is given by

785

Cr(s)=7(z.9)|__o = JPr !
=0 [y (Pr—1)s—2iEk
Pr 1 1 1
- +
(Pr—1)s — 2iEk s + 2iEk s s+ 2iEk

_ ons + 2Ek

S2 + w2 .

(51)

Inverting the above image function, we find the
complex form of friction coefficient

PR erf (~2iEkt )
Crl)=p," JEerf(\/E) T JaiEk
Pfﬁ 1\a +e 2iEk erf (v(a+ 2iEk)n)

. @e’”’erﬂm )
]
_@ﬂm )
]

(52)
The axial skin friction coefficient in the x-direction,
respectively, y-direction are given by
Cr, =Re(Cy), Cp =1m(Cy).

In the particular case Pr = 1, Eq. (51) becomes

(53)

Cos)etd 1
7 2Ek~[s 2Ek s+ 2iEk o
11 oVs+2iEk 4
s ~[s+ 2iEk sSS+a’
and the complex friction coefficient is
1-e ™ erf (J2iEkt)
Cfl (t) = + =
: 2Eknt J2iEk

2i
(55)
with axial skin friction coefficients

4. NUMERICAL RESULTS

In order to study the effects of the frame rotation on
the fluid motion, the influence of the Ekman
number on the velocity components u(z, £) and v(z,
£) was studied by means of graphical illustrations. In
Figs. 2 and 3 are plotted curves corresponding to
velocity components u(z, £) and v(z, f), versus the
spatial coordinate z, for Pr = 0.75, o = 0.5,
tef0.5,51560} and for smal values,

respectively, higher values of the Ekman number.
From Figs. 2 af is observed that for small values of
the Ekman number (so, for slow rotations of the
frame), the absolute values of velocity components
increase significantly in the vicinity of the plate. In
points located away from the plate, the values of
velocity components decrease and tend to zero.
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Fig. 2. Profiles of velocity components (small values of Ekman number).

Should also be noted that the velocity boundary
layer thickness is less influenced by the increase of
time but it is quite strongly influenced by increasing
values of the Ekman number. Increasing of the
Ekman number values leads to the reducing
boundary layer thickness.

Figures 3 a-f were drawn for large values of Ekman
number, so, for rotations of the frame with high
angular velocity. Fluid behavior is similar to that
shown by Figs. 2 with the difference that the
boundary layer thickness shrinks significantly
compared to the case of slow rotation. As shown in
Figs. 3, the absolute values of velocity component
along the y-axis direction are lower than those
corresponding to small values of the Ekman
number, while, the values of velocity component
along the x-axis are comparable to the previous
case.

The diagrams of the velocity components u(z,z) and
v(z,t), versus variable t, are sketched in Figs. 4 and
5. In these graphs we used the numerical values
Pr=0.75,0 = 0.5,z €{0.25,0.6,1.0,1.5} and
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different values of Ekman number. From these
figures it is observed that, for small or large values
of Ekman number, the amplitudes of the velocity
component u(z,¢) decrease if the spatial coordinate z
increases. In the case of subunit values of the
Ekman number, amplitudes of the component v(z,¢)
increase with respect to z and are decreasing with
respect to Ekman number. If the Ekman number is
greater than 1, the velocity v(z,t) is decreasing with
respect to the spatial coordinate z.

To plotting the curves shown in Figures 2-5, we
used for the complex velocity field, the expressions
given by Egs. (21) and (44). The numerical
calculations and graphical representations were
carried out by subroutines existing in the Mathcad
software. The numerical values presented in Table 1
reveals that the results are in excellent agreement.

5. CONCLUSION

In the unsteady flow of

this  paper, an
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Fig. 3. Profiles of velocity components (large values of Ekman number).

Table 1 Comparison of values of the flow velocity for the present results (Laplace technique and
homotopy perturbation method) with =5, Ek=0.9,Pr=0.7, »=0.6

z q(z 1) —Eq. (21) q(z, ) — Eq. (44)
01 0.190367-0.067691i 0.190366-0.067691i
0.2 0.225673-0.131532i 0.225673-0.131532i
0.3 0.248959-0.190526i 0.248959-0.190526i
0.4 0.262038-0.243979i 0.262037-0.243980i
05 0.266596-0.291455i 0.266596-0.291455i
06 0.264183-0.332735i 0.264183-0.332735i
0.7 0.256205-0.367782i 0.256205-0.367782i
038 0.243920-0.396707i 0.243920-0.396707i
0.9 0.228441-0.419737i 0.228441-0.419737i
1.0 0.210738-0.437189i 0.210738-0.437189i

frame was studied. The governing eguations of the
flow, together with initial and boundary conditions

incompressible, homogeneous Newtonian fluid past
an oscillating isothermal vertical plate in a rotating
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Fig. 4. Velocity diagrams for small values of Ekman number.

were written in the non-dimensional form and, for
simplicity, a complex velocity field was used. By
means of the Laplace transform method,
respectively, the technique of coupling of the
homotopy perturbation method with the Laplace
transform method, two closed forms for the
complex velocity field were determined. The
equivalence of both forms was also demonstrated.
The first method used to determine solution of the
studied problem uses the Laplace transform with
respect to time variable. The differential partial
equation governing the motion of the fluid is
transformed into a non-homogeneous ordinary
differential equation with constant coefficients.
Solution of this differentiadl equation was
determined by the classical method. It should be
noted that, sometimes, the necessary calculations to
determine solutions in the transform domain can be
quite laborious or obtaining of the analytica
solution is impossible. Also, obtaining of the
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inverse of Laplace transforms by means of the
complex analysis techniques can be a difficult
process.

The second method is based on the couple Laplace
transform-homotopy perturbation method. In this
case the solution of the ordinary differential
equation which governing the flow is as a series.
We must emphasize the fact that compared with the
first method this pathway requires simpler
calculations. Also, at least for the studied problem,
the Laplace transforms inversion is easier. An
important advantage of the method for the studied
problem is that, the sum of the series solution was
determined and so, was not necessary to
approximate the solution with a partial sum of
series. This method can be an adequate tool for
solving nonlinear problems. In this case, possibly
coupled with a numerical method of the Laplace
transform inversion, this method can be a very
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Fig. 5. Velocity diagrams for large values of Ekman number.

effective tool in the study of complex
problems.Based on obtained solution and using the
graphica illustrations generated with the Mathcad
software, the influence of Ekman number on the
velocity field was analyzed. It is obtained that, the
faster frame rotations reduce the thickness of
moving fluid layer.
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