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ABSTRACT

The magnetohydrodynamic (MHD) three-dimensional boundary layer flow of an incompressible Casson fluid
in a porous medium is investigated. Heat transfer characteristics are analyzed in the presence of heat
generation/absorption. Laws of conservation of mass, momentum and energy are utilized. Results are
computed and analyzed for the velocities, temperature, skin-friction coefficients and local Nusselt number.
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NOMENCLATURE

u, v, w velocity components o electrical conductivity
B Casson parameter K permeability parameter
Y fluid density 14 kinematic viscosity
T temperature Bo Applied magnetic field
o thermal diffusivity Q heat generation parameter
Cp specific heat T, ambient fluid temperature
f,g dimensionless velocity components 0 dimensionless temperature
M Hartman number A porosity parameter
a ratio parameter Pr Prandtl number
B heat source/sink parameter Tox wall shear stress
Oy wall heat flux

1. INTRODUCTION magnetohydrodynamic  effects.  For  example,

The magnetohydrodynamic (MHD) flows of an
eectricaly conducting fluid are encountered in
many geophysical, astrophysical and engineering
applications. Hydromagnetic flows have a key role
in the fields of aeronautics, stellar and planetary
magnetospheres. Magnetohydrodynamics concepts
are utilized by the engineers in the design of heat
exchangers, pumps, thermal protection, in space
vehicle propulsion, control and re-entry, and in
creating novel power-generating systems. The
purification of molten metals from non-metallic
inclusions through the application of magnetic field
is another important feature of MHD. All such
applications of MHD give rise to investigate the
problems which involves the

Turkyilmazoglu (2011) studied MHD boundary
layer flow of viscous fluid over a rotating sphere
near an equator with heat transfer. He presented
both numerical and analytical solutions. MHD
boundary layer flow of viscous fluid induced by an
exponentially shrinking sheet was studied by
Bhattacharyya and Pop (2011). Makinde (2012)
examined MHD boundary layer flow of viscous
fluid over flat surface with Newtonian heating and
Navier dip. Hayat et al. (2012a) developed the
series solution for the MHD flow of an Oldroyd-B
fluid passing through a porous channel. Rashidi and
Mehr (2014) considered problem for the series
solutions of velocity and temperature. On the other
hand the flows in porous media have practical
applications in heat remova from nuclear fuel
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debris, underground disposal of radiative waste
material, storage of food stuffs, paper production,
oil exploration etc. Especialy, the related boundary
layer flows with heat transfer have received much
attention of the researchers in view of achieving
industrial product of desired quality. The rates of
cooling and stretching have key role in such
situations. No doubt, the flow generated by the
stretching of a flat surface has a great relevancy to
the polymer extrusion. For example, the extrudite
from the die is generally drawn and simultaneously
stretched into a surface in a melt spinning process,
which is thereafter solidified through rapid
quenching or gradua cooling by direct contact
water or chilled metal rolls. Closed form solution
for the boundary layer flow of viscous fluid over a
stretching surface was firstly constructed by Crane
(1970). He assumed that the stretching surface
possess a linear velocity with fixed distance from
the origin. Afterwards the Crane's problem has been
studied extensively through different aspects (see
few recent studies for two-dimensional flows
(Rashidi et al. (2011), Javed et al. (2011),
Mukhopadhyay (2012) and Hayat et al. (2012b)).

It is well known fact that the fluids appear in
industrial and engineering processes are mostly
non-Newtonian fluids. There are materias like
drilling muds, sugar solution, certain oils, clay
coating, colloidal and suspension solution, certain
oils, lubricants etc. which fall into the category of
non-Newtonian fluids. The properties of such
materials cannot be explored by simple Navier-
Stokes equations. According to the diverse
characteristics of such materias, different fluid
models are developed in the past like second grade
fluid (Jamil et al. (2011)), third grade fluid
(Abelman et al. (2009)), fourth grade fluid (Hayat
et al. (2010)), Maxwell and Oldroyd-B fluids
(Wang and Tan (2011) and Jamil et al. (2014)),
Burgers' fluid (Jamil and Fetecau (2010)), Jeffrey
fluid (Hayat et al. (2012c)), Eyring-Powell fluid
(Hayat et al. (2014a)), micropolar fluid (Rashidi et
al. (2011)), Walters' B fluid (Hayat et al. (2014b)),
Casson fluid (Shahmohamadi (2012)) etc. The fluid
model under consideration is Casson. This model is
plastic fluid model that exhibits the characteristics
of shear thinning that quantifies the yield stress and
high shear viscosity. This fluid model is a good
candidate to explore the properties of biological
materials, foams, molten chocolate, cosmetics, nail
polish etc.

Previous literature on the topic witnesses that little
has been said yet about the three-dimensional
flows. There are only few attempts in this
direction. For example, Wang (1984) investigated
the three-dimensional boundary layer flow of
viscous fluid generated by linearly stretched
surface. Hydromagnetic three-dimensiona free
convection flow over a stretching surface was
studied by Chamkha (1999). Ariel (2003) provided
the homotopy perturbation solution of the problem
of Wang (1984). Shehzad et al. (2012) discussed
the three-dimensional boundary layer flow of
Jeffrey fluid with convective conditions. The aim
here is to develop a mathematical model for three-
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dimensional flow of Casson fluid over a linearly
stretching surface. The magnetohydrodynamic
fluid fills the half space. Further, heat transfer
effects are taken into account when heat
generation/absorption effects are present. The
governing nonlinear partial differential equations
are converted into the ordinary differentia
equations by employing suitable transformations.
The resulting nonlinear is computed by a newly
developed modern technique namely the homotopy
analysis method (Liao (2003), Rashidi and Erfani
(2012), Hayat et al. (2012b), Turkyilmazoglu
(2012), Shehzad et al. (2013), Shehzad et al.
(2014), Hayat et al. (2014c,d) and Malvandi et al.
(2014ab) (HAM). Results are plotted and
displayed. The important observations of this study
are listed in the conclusions.

2. MATHEMATICAL FORMULATION

We consider three-dimensional boundary layer flow
of an incompressible Casson fluid in a porous
medium. The fluid is electrically conducting under
the influence of a constant applied magnetic field
By . In addition, the induced magnetic field is not

considered because of small magnetic Reynolds
number. Physical properties of fluid are assumed
constants. Effects of viscous dissipation are
neglected. Mathematical formulation is given in the
presence of heat generation/absorption. We denote
u v and w the x, y and z components of

velocity, T the temperature and T, the ambient

temperature, respectively. The resulting boundary
layer equations are

@_'_ﬂ_'_@_w: , (1)
ox oy o0z
au au  au 1)é%
U—+V—+wW—-=v|1+— |—
ox oy oz B ) oz? @
*n2
_oB vy,
Yl K
N v v 1)o%v
U—+V—+wW—=v|1+— |—
ox oy 0 B )ez? 3
*n?2
P K
oT oT oT o1
U—+V—+W—=0—x
OX oy 0z Fori
9 4
+—(T-Ty),
PCp

where B = pgf27. I p, is the Casson fluid

parameter, " the electrical conductivity, K the
permeability parameter, Cp the specific heat, O
the thermal diffusivity of thefluid, v = (ug / p) the
kinematic viscosity, ug the plastic dynamic
viscosity of Casson fluid, p the density of fluid
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and Q the volumetric heat generation/absorption
coefficient.
The corresponding boundary conditions are:

u=ax, v=hy, w=0,

5
T=T, az=0, ®)

Uu—>0,v>0T->T, asz— o, (6)

where the fluid temperature of the wall is TW.

Employing the transformations (Wang (1984) and
Shehzad et al. (2012)):

u=axt'(n), v=ayg'(n),

T-T, a
w=—av (f () +90m) 00n) =——= n=2,~
w~ loo v
(7
one obtains
1
1+= "+ +g)f "
=5
—f'z—[M2+1jf'=o, (8)
A
[1+ijg’”+(f +9)g”
B
—g’z—(M2+1]g'=o, ©
A
& +Pr(f +9)¢ +PrB6=0, (20
f=0 g=0f'=
g 1 1)
g=a,6=0 an=0,
f'>0,g >0 650 a&sn—>x, (12)

where Eq. (1) is satisfied automaticaly,
M?=0"B/ap the Hartman number, 4=X2 the

porosity parameter, a:% is a ratio parameter,

Pr= % the Prandtl number, B=Q/ pac,, the heat

generation/absorption coefficient and prime depicts
differentiation with respect to 7 .

If Cy and Cy, are the skin-friction coefficients
and Nuy isthelocal Nusselt number, then we have

Co =, Cp =,
Py Ply (13)
Ny =
k(RN"TQ)
where 7,, and q,, arethewall shear stress and the

wall heat flux, respectively. The above equation in
dimensionless form can be written as

Re’/2Cy, =(1+%J £"(0),

Re’/2C =(1 ij "(0),
fy +/3g()

Re; Y2 Nuy =-0'(0), (14)
where the definition of Reynolds number is
Rey = u, (X)x/v.

3. HOMOTOPY SOLUTIONS

According to HAM, the functions f, J and 6 by
aset of base functions

{n" exp(~ny), k= 0,n> 0}
can be expressed as

fn() =3 Y ak 7 exp(-np), (15)
n=0k =0

Im(@) =Y Y bk 17" exp(-nn), (16)
n=0k =0

Om() = > > o " exp(-—nny), 6y
n=0k =0

in where a,‘q‘mn , b,';vn and c,'ﬁm are the coefficients.

Initial approximations and auxiliary linear operators
are given by

foln) = (1-€7), goln) = A(1-€7"), Go(m) =€,
Le=f"—f,Ly=0"-0, Ly=0"-0. (18)
The operators have the following properties

L; (C+Cye" +Cie ) =0,

L; (C4+Cs€” +Cee ™) =0,

Ly(C,e" +Cge ™) =0, (19)

in which G
constants.

(i=1-8) show the arbitrary

The zeroth order deformation problems can be
obtained as:

(1-p)Ls [ T - o) |

= piNe [ (7). 607 p) |, (20)
(1-p)Lg[ 607 P)— do() ]

= pigNg| £ p).67: ) |, (20
(1~ P) Lo [ 007 P) - 66() |

= PigNg | 1 (: P).G07:P).607.) |, )
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f@p=0f©Op=1f(p=0
40p)=03Op =4 §(cp=0
40, p) =1, 6o, p) =0,

(23)

f(7,p),4 112%f (7. p)
N¢ [ f (77, 0),9(77, P)] _[Hfja—;

NI 2t
_[MJ +(f 0,0+ 8, p))%

on
7Mzaffa77n’ = (24)
A f 113%(n, p)
Ng[§(7. P). F (7, D) =(17]6_:3

~ 2 24
o9(17, p) : - o°9(n, p)
_[—677 J +(f (7, )+ 9, p))—aﬂ2

29902, p)

o (25)
“ R 25
NgLO(r. B), T 7, ). 6, 1 = 2V P
on
RO TR G UL €

In above equations, p is an embedding parameter,
hig, hg and f, the non-zero auxiliary parameters

and Nj,
Setting p=0 and p=1 onehas

Ng and N, the nonlinear operators.

£ (7:0) = fo(m), 6(7,0) = Go()

and f (3,0 = £ (), 6(n,D) = 0(n), @

and when variation of p istakenfrom O to 1 then
f(m.p), g(z.p) and 6(n,p) vary from fo(r),

9o(1). Go(n) to f(n), 9(») and 6(n). Taylors
series expansion yields

£(7,p) = o) + é ()™, (29)

907 ) = Go(1) + n;i;lgm(n) p", (29)

001, p) = Oo(11) + élemw p", (30)

13" (1;p)

fm(ﬂ):m! on™

1 3"g(n:p)

m(7) = mi 677”‘
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P (ﬂ):ia 0(7; p)

nl) = o (31)

p=0

Note that the convergence in the above series
strongly depends upon 7i¢, hg and  fg.
Considering that 71, 71, and 1, are selected
properly so that (28)-(30) converge at p=1.
Therefore we have

£(7) = o) + :2;1 1), 3
907 = Go(n) + n;i;lgmm (33
007) = Oo() + élem(n). (34)
We write the general solutions as follows

o) = )+ G+ G +CE ™, (35)
Om(17) = Oin(17) + 4 + Co€ + Coe ™, (30)
Orm(07) = (1) + Cy€! + ™, @7

where fy,, gm and 6, arethe special solutions.

4. CONVERGENCE
DISCUSSION

ANALYSIS  AND

Egs. (8)-(12) are solved by homotopy anaysis
method (HAM). HAM solution contains the
auxiliary parameters fi¢, hg and hy. These

auxiliary parameters 7, hg and hy can adjust

and control the convergence of the constructed
series solutions. In order to find the range of
admissible values of 7i¢, hgq and hy, the 7i—

curves are potrayed for 19th -order of
approximations. Fig. 1 clearly shows that the range
of admissible values of 7, hy and h, are

-1.15<h <-0.05, -1.2< hg < -0.05
-1.15<7,<-0.65. The series converges in the
whole region of 7 for 7;=hy—07 and
hg=-09.

and

Figs. 2 and 3 are presented to analyze the influences
of Hartman number M and Casson fluid parameter
S onthevelocities f'(y) and g'(7). Figs. 2aand
2b describe the effects of Hartman number on the
fluid velocities f'(y) and g'(y). The fluid
velocities and their associated momentum boundary
layer thicknesses are reduced with an increase in
Hartman number.

Harman number has similar effects for the
velocities f'() and g'(r). An increase in the
Hartman number leads to a stronger Lorentz force.
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Stronger Lorentz force creates a resistance in the
fluid flow that appears in the reduction of velocities
(see Figs. 2aand 2b).
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Fig. 1. 7 —curvesfor thefunctions f, g and &
when M =06, =15 «a=05 1=20,
Pr=0.9 and B=0.3.

Figs. 3a and 3b show that the larger values of
Casson parameter S caused a decrease in the

velocities f'() and g'(n). From these Figs. we

analyzed that the fluid velocities and their
associated momentum boundary layer thicknesses
are decreasing functions of Casson parameter.

fn)
1

08
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02

n

8 10

(b)

Fig. 2. (a) Influenceof M on f'(y) and (b) for
g'(7) when g=15 1=20 and o =05.
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Fig. 3. (a) Influenceof B on f'(n) and (b) for
g'(n) when M =06, 2=2.0 and o =05.

To see the influences of ratio parameter «,

Prandtl number Pr, heat generation/absorption
parameter B and porosity parameter on the
temperature 6(77), Figs. 4 and 5 are sketched. Fig.
4a shows that the temperature 6(r) and thermal
boundary layer thickness are increasing functions
of ratio parameter «. Fig. 4b presents the
variations of Prandtl number on the temperature.
In this Fig. we have seen that the temperature and
thermal boundary layer thickness are reduced for
the larger Prandtl number. In fact the fluids with
lower Prandtl number have higher thermal
diffusivity. Higher thermal diffusivity givesriseto
a decrease in temperature and lowers the thermal
boundary layer thickness. The role of Prandtl
number is to control the rate of cooling in
conducting fluid. Fig. 5ais sketched to analyze the
variations of heat generation/absorption parameter
on the temperature. We have seen that an increase
in B enhances the temperature and thermal
boundary layer thickness. When heat generation
parameter is increased, more heat is produced in
the fluid that causes to a higher temperature and
stronger thermal boundary layer thickness. Fig. 5b
depicts the variation of porosity parameter on the
temperature. An increase in porosity parameter
shows a decrease in the temperature.
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8(1)

06

04

02

8 10
(b)
Fig. 4. (a) Influenceof « on 6(r7) when
M =06, =15 41=20, Pr=0.9 and B=04.
(b) Influence of Pr on &() when M =0.6,
a=05 =15 A1=20 and B=04.

Figs. 6 and 7 are plotted to see the effects of
different physical parameters on the skin-friction

coefficients —(1+1/8) f"(0), —(1+1/5)g"(0)
and local Nusselt number —6'(0). Fig. 6a shows the
effects of Hartman number vs Casson parameter on
—(1+1/ ) £"(0). By increasing M and g, the
skin-friction coefficients increases. It can be seen
form Fig. 6b that Hartman number and Casson
parameter have similar effectson —(1+1/ ) g"(0).
A comparison of Figs. 6a and 6b shows that the
skin-friction coefficient —(1+1/4)f"(0) at the
wall are greater than the skin-friction coefficient
—(1+ 1/ ﬂ) g"(0).

A decrease in the local Nusselt number is noticed
corresponds to the larger values of Hartman number
vs Casson parameter (see Fig. 7a). From Fig. 7b we
see that an increase in heat generation/absorption
parameter leads to an increase in the local Nusselt
number.

Figs. 8a and 8b show the variations in skin-friction
coefficients ~(1+1/8) £"(0) and
—(1+1/ B)g"(0) for different valuesof A and o
Here we examined that the increasing values of 1

and o lead a reduction in the skin-friction
coefficients. From Figs. 9a and 9b, we observed that
the local Nusselt number is an increasing function
of 4, a and Pr.
an
08
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06

04

02

]

8 10
(b)
Fig. 5. (a) Influenceof B on &(r) when
M =06, f=15 1=20, «=05 and
Pr=0.9. (b) Influenceof 4 on &(r) when
M =06, =15 B=03 «=05 and
Pr=0.9.

Table 1 is computed to analyze the numerical
values of f"(0), g"(0) and 6'(0) for the fixed
values of involved parameters. Here we have seen
that the solutions for velocities converge from 10th
order of approximation whereas the solution for
temperature converges from 40th order of
deformations. Table 2 is computed for the
comparison values of f"(0), g"(0), f(x) and
g() for different values of & when g — o« and
M =1/ A1 =0. This Table shows that our solutions
in limiting situations have an excellent agreement
with the previous study (Wang (1984).

5. CONCLUSIONS

The main results of present study can be

summarized as follows:

e  Hartman number M has quite opposite effects
on the velocities and temperature.

e Casson fluid parameter £ has similar
behavior for the velocities f'(;7) and g'(n7) in
aqualitative sense.

e  Temperature increases by increasing in heat
generation parameter B.
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e Increase in porosity parameter decreases the 0
fluid temperature. 'f(
e  Skin-friction coefficient is increased for larger

Casson fluid parameter.
e Local Nusselt number is an increasing function 087~
of Bvsa ML T B=00,03 060912
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Effects 4 vs Pr on —-6'(0) when M =05=aq,
B=15 and B=03.
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