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ABSTRACT

In this study we analyzed the momentum and heat transfer characteristics of MHD boundary layer flow over
an exponentially stretching surface in porous medium in the presence of radiation, non-uniform heat
source/sink, external pressure and suction/injection. Dual solutions are presented for both suction and
injection cases. The heat transfer analysis is carried out for both prescribed surface temperature (PST) and
prescribed heat flux (PHF) cases. The governing equations of the flow are transformed into system of
nonlinear ordinary differential equations by using similarity transformation and solved numerically using
bvp4dc Matlab package. The impact of various non-dimensional governing parameters on velocity,
temperature profiles for both PST and PHF cases, friction factor and rate of heat transfer is discussed and
presented with the help of graphs and tables. Results indicate that dual solutions exist only for certain range
of suction or injection parameters. It is also observed that the exponential parameter have tendency to

increase the heat transfer rate for both PST and PHF cases.

Keywords: Exponential stretching sheet; MHD;Non-uniform heat source/sink; Thermal Radiation;

Suction/injection.

1. INTRODUCTION

The convective flow over stretching surfaces
immersed in porous media has paramount
importance because of its potential applications in
industrial purposes like soil physics, filtration of
solids from liquids, chemical engineering and
biological systems. In addition with the recent
improvements in  modern technology many
researchers are concentrating on the study of heat
and mass transfer in fluid flows due to its broad
applications in geothermal engineering as well as
other geophysical and astrophysical studies.
Radiative heat and mass transfer play an important
role in manufacturing industries for the design of
reliable equipment. Nuclear power plants, gas
turbines and various propulsion devices for aircraft,
missiles, etc.

Ajay Kumar (2008) investigated the two-
dimensional MHD flow of viscoelastic fluid
through a stretching surface in the presence of heat
source and radiation effects by using Kummer’s
functions. Subhas Abel et al. (2009) analyzed the
MHD heat transfer analysis of a power law fluid
through a vertical stretching surface with non-
uniform heat source and thermal buoyancy effects

in the presence of variable thermal conductivity.
Mahantesh et al. (2010) analyzed the heat transfer
analysis of Walter’s B liquid fluid flow past an
impermeable stretching surface in the presence of
viscoelastic deformation and non-uniform heat
source/sink and concluded that the viscoelastic
parameter increases the thermal boundary layer in
both  PHF and PST cases. The steady two-
dimensional stagnation point flow of a nanofluid
past a stretching/shrinking surface in its own plane
was investigated by Bachok et al. (2011). The
boundary layer flow and heat transfer
characteristics of nonlinearly stretching surface in
the presence of variable wall temperature and non-
uniform heat source was discussed numerically by
Mahentesh et al. (2011).

Sandeep et al. (2012) discussed the radiation effect
on MHD flow over a vertical plate in presence of
heat source. Hajipour and Dehkordi (2012) are
discussed the heat transfer analysis of a nanofluid
over parallel plate and vertical channels by
considering partially filled porous medium. They
concluded that by mixing of nanofluid with base
fluid enhances the heat transfer rate significantly.
Boundary layer flow and heat transfer
characteristics of a Maxwell fluid past a continuous
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moving exponential surface was discussed by
Abbas et al. (2014). Ahmad et al. (2014) analyzed
the radiation and magnetic effect on the boundary
layer viscous flow past an exponential stretching
sheet in porous medium. The three-dimensional
flow of a waterbased nanofluid past an exponential
stretching surface was studied by Nadeem et al.
(2014). Hussian et al. (2014) illustrated the viscous
dissipation and Brownian motion effects of two
dimensional boundary layer flow of Jeffry
nanofluid past an exponentially stretching sheet. A
numerical Analysis on unstetady MHD mixed
convective boundary layer flow of a nanofluid past
an exponential stretching sheet through porous
medium was presented by Anwar et al. (2014).
Steady laminar MHD boundary layer flow of a
viscoelastic fluid past a permeable stretching
surface in presence of heat absorption/generation
was examined by Cortell (2014).  The effects of
thermal radiation and wall mass transfer of MHD
flow through a porous stretching sheet with non-
uniform heat source/sink was analytically studied
by Abdul Hakeem et al. (2014). A homotopy
analysis of convective steady two-dimensional
magnetic fluid flow through a permeable vertical
stretching surface with existing of radiation and
buoyancy effects was presented by Rashidi et al
(2014). Singh and Agarwal (2014) discussed the
variable thermal conductivity and non-uniform heat
source/sink effects on the MHD flow of Maxwell
fluid through porous medium. MHD boundary layer
flow and heat transfer investigation of a second
grade nanofluid past permeable stretching surface
with heat generation in the presence of partial slip
conditions was theoretically studied by Bhargava
and Goyal (2014).

Pal and Mandal (2014) analyzed the mixed
convective heat and mass transfer analysis of
stagnation-point flow of a nanofluid around a
stretching surface in a porous medium with thermal
radiation and chemical reaction effects. They
highlighted that the copper-water nanofluid has
higher mass transfer rate compared with the other
combination of fluids. Chandramandal and
Mukhopadhyay (2013) discussed heat transfer
analysis for fluid flow over an exponentially porous
stretching sheet. Sandeep and Sugunamma (2014)
discussed the effects of radiation and inclined
magnetic field on unsteady MHD convective flow
past an impulsively moving vertical plate in a
porous medium. Mohan Krishna et al. (2014)
studied the radiation and magnetic field effects on
the flow past a vertical plate. Mustafa et al. (2015)
discussed the comparative analysis of a laminar
axisymmetric flow of a nanofluid past a nonlinearly
stretching surface. In this study they concluded that
the heat transfer rate at the wall is extraneous to the
flow. Sandeep and Sulochana (2015) presented dual
solutions for radiative MHD nanofluid flow over an
exponentially stretching sheet. Murshed et al.
(2015) discussed the radiation effect on boundary
layer flow of a nanofluid over a nonlinear stretching
sheet. Choudhury and Kumar Das (2014) studied
MHD free convective flow through porous media in
presence of radiation and chemical reaction effects.
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Present study is the extension work of Ahmad et al.
(2014). In this study we analyzed the flow and heat
transfer characteristics of MHD boundary layer
flow over an exponentially stretching surface in
porous medium in the presence of radiation, non-
uniform heat source/sink, external pressure,
suction/injection. The heat transfer analysis is
carried out for both prescribed surface temperature
(PST) and prescribed heat flux (PHF) cases. The
governing equations of the flow are transformed in
to nonlinear ordinary differential equations by using
similarity  transformation and then solved
numerically. The influence of various non-
dimensional governing parameters on velocity,
temperature profiles for PST and PHF cases, skin
friction coefficients, rate of heat transfer are
discussed and presented through graphs and tables.

2. MATHEMATICAL

FORMULATION

Consider a steady two-dimensional MHD boundary
layer flow of an electrically conducting viscous
fluid towards an exponentially stretching sheet in a
porous medium in the presence of non-uniform heat
generation/absorption, radiation and
suction/injection. The fluid occupies the space
y>0 and is flowing in the X direction and

y —axis is normal to the flow. External pressure p
is applied along xandy directions. A constant
magnetic field of strength Bgyis applied in the

normal to the flow and the induced magnetic field is
neglected which is valid assumption when the
magnetic Reynolds number is small. As per the
assumptions made above, the boundary-layer
equations that govern the present flow are given by

ou ov

a2t 1
X oy 0. @)
2 2
w1 o v ok,
ox oy pox ayz k' P
%+ 9A(T -T.) =0, 3)
oT oT o, 0T | aq
o ITECAIRVICLIG A cLig s ST 4
p"[”@x”ayj ay[ ay] oy “

Where U and V are the components of velocity in
X and y directions respectively, p is density, p is

the pressure, v represents kinematic viscosity, k" is
the permeability of porous medium, s is the
electrical conductivity, g is the acceleration due to

gravity /3 is the thermal expansion coefficient, T is
the fluid temperature, Cp is the specific heat, g, is

the radiative heat flux, g™ is the non-uniform heat

generation/absorption  andk is  the  thermal
conductivity defined in the following way:
k,o[1+86(n) Jin PST case
|k [1+ 847 Jin PHF case ®)
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in which & is the small parameter (& > 0 for gases
and & <0 for solids and liquids), 6(z) and ¢(77) are

dimensionless temperature distributions for PST
and PHF cases respectively. The relevant boundary
conditions for the present problem are:

u=Uge™" v=y, T =T, +AeN®2 (psT),

aT

—kg:Be(b”)NX/z'(PHF), at y=0,

(6)

U0, T>T, P> Poss as y > oo,

where Ugis a characteristic velocity,|is the
characteristic length scale, and A,a,Band b are the

parameters of temperature profiles depending on the
properties of the liquid, v,,is the suction/injection

parameter, v,, <0 for suction and

injection. The radiative heat flux given by Brewster
(1972)

vy, > 0 for

_ _doyart
"7 3m oy’
in the above equation oy is the Stefan-Boltzmann
constant and mis the coefficient of mean

U]

absorption. Assuming T % as a linear combination of
temperature, then

T4=-3r, % +a1,%r 8)

The time dependent non-uniform heat source/sink
q"is defined as (Abdul Hakeem (2014))

kaW(X)
lv

q"= (A -T)F+B'T-T,) ©)

In the above equation A",B" > 0 corresponds to

heat generation and A",B” <0 corresponds to heat
absorption.

Substituting (7) and (8) in (4) we get

[aT aTj a[ aT]
Pl U—+V— |=—|k—
ox oy ) oy\ oy (10)
16T, %0y 22T,
+ —=—=—+q",
3m  oy?

For similarity solution of equations (1)-(4), subject
to the boundary conditions (6), we introduce the
similarity variables as

T 1/2
n:[_oj eNX/ZIy,l//:(ZVIUO) eNX/2|f(7]),

oy
p- P, = pUp%e™/2h(y), (11)
T-T, S T-T,
o(n)= o (PST),4() = - (PHF),

where 7 is the similarity variable y is the stream
function defined asu =0y /oy andv =—-0w / oX,
which is identically satisfies continuity equation (1).
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By defining # in this form, the boundary conditions
at y =0 reduce to the boundary conditions atz7 =0

which is  more convenient for numerical
computations. Substituting (11) into equations (2),
(3) and (4) we get the following nonlinear ordinary
differential equations:

f "= 2(K + M) f "+ Nff "= 2NF 2

(12)
—(h'N7 +4hN) =0,
h' =Gro, (13)
A+ R, +560)0"+ N Pr(fo'—af '0)
2 * * (14)
+00— (A f'+B@)=0 (PST),
L+ Ry +64)p"+ N Pr(f ¢'—bf ')
2 . (15)
+0¢" —(f'A" +B'¢)=0 (PHF),
subject to the boundary conditions
f(0)=S§, f’(O):l,@(O):1,¢'(0):—i, atnp =0
1+0
f'(00) = 0,0(c0) — 0, #(20) — 0, h(o0) —>0 as
n—oo (16)

where dimensionless parameters are given as K is
the porosity parameter, Pris the Prandtl number
parameter, M is the magnetic field parameter, Gr, is

the Grashof number, A"andB" are non-uniform

internal heat generation/absorption coefficients , N
is the exponential parameter (Chandramandal and
Mukhopadhyay , 2013), S is the suction/injection

parameter,S >0 for suction and S<O0 for
injection.
Ko Mt M:IGBOZ ol
k'Ug Ao

o Mo 1601,
Tk, 3kem a7
op J 90T N (W)

X UOS/ZeSNXIZI vw 2l !

The main physical quantities of interest are the
skin friction coefficientC; and the local Nusselt

number Nu, are given by

C¢ ReY? = £(0),Nu, / Re¥? =-0'(0) (PST),

Nu, / Re¥? =1/ ¢(0) (PHF) 1)

3. RESULTS AND DISCUSSION

The system of nonlinear ordinary differential
equations (12) to (15) with the boundary conditions
(16) are solved numerically. The results obtained
shows the influences of the non dimensional
governing parameters namely thermal radiation
parameter R, , exponential parameter N, magnetic

field parameter M , non-uniform heat source/sink
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parameter A" thermal conductivity parameter &
and temperature distribution parameters aand b

on velocity, temperature, skin friction coefficient
and local Nusselt numbers are thoroughly
investigated for suction and injection cases and
presented through graphs and tables. In this study
for numerical results we considered
N=M=p=Pr=1, Gr, =5,

A"=B"=6=a=b=01 K=027=1
and Ry =0.5 . These values are kept as common in

entire study except the varied vales as displayed in
respective figures and tables. In this study blue
color profiles indicates suction case and red color
corresponds to injection case.
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0
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Fig. 1. Velocity profiles for different values of
Magnetic field parameter M
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Fig. 2. Temperature profiles (PST) for different

values of Magnetic field parameter M

The influence of the magnetic field parameter on
velocity, temperature profiles for both PST and
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PHF cases are shown in Figs. 1-3. It is evident from
the figures that increasing in the magneticfield
parameter depreciates the velocity profiles and
enhances the temperature profiles for both PST and
PHF cases. It is also observed that the velocity and
thermal boundary layers enhances in injection case
compared with suction case. The Lorentz force on
the flow is reason for decrease in the velocity
boundary layer and increases the thermal boundary
layer for both PST and PHF cases. Figs. 4 -6
illustrate the influence of the non-uniform heat
source/sink parameter on the velocity and
temperature profiles for both PST and PHF cases. It
is clear from the figures that a raise in the value of

A" increase the velocity and temperature profiles
for PST and PHF cases.

2 T T T T T T T T T

Blue - Suction
Red - Injection

18
16}
14f\
12f \\ \

o)

osk N\ M=123

06F
04F N

0.21

% 05 1 15 2 25 3 35 4 45 ¢
1

Fig. 3. Temperature profiles (PHF) for different

values of Magnetic field parameter M

15

‘ Blue - Suction
/ A\ Red - Injection

i)

Fig. 4. Velocity profiles for different values of
non-uniform heat source/sink parameter A )

The effect of Grashof number on the velocity and
temperature profiles of both PST and PHF cases are
displayed in Figs. 7-9. It is evident from these plots
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that the thermal boundary becomes thin for higher
values of Gr, and momentum boundary layer

thickness increases with the increase in Gr,.

Figs.10 and 1ldepicts the impact of variable
thermal conductivity on the temperature (both for
PST and PHF) profiles for suction and injection
cases. It is clear from the figures that an increase in
the thermal conductivity parameter (&) enhances the

momentum and thermal boundary layers. This
agrees the general physical behavior of the thermal
conductivity parameter.

1 T T T T 3 T T T T

Blue - Suction .

Red - Injection
0.8F \\ i

09F|

0.7F |\ b

Fig. 5. Temperature profiles (PST) for different
values of non-uniform heat source/sink

parameter A" )

16 T T U U U T T T
b Blue - Suction
\ Red - Injection
12- \\( .

Fig. 6. Temperature profiles (PHF) for different
values of non-uniform heat source/sink

parameter A )

Figs. 12-14illustrate the influence of exponential
parameter on velocity and temperature (both for
PST and PHF) profiles for suction and injection
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cases. It is evident from figures that an increase in
exponential parameter depreciates the velocity and
temperature profiles. This is due to the fact that
with the increase in exponential parameter reduces

the wvelocity and thermal boundary layer
thicknesses. Figs. 15-17display the effect of
temperature distribution parametersaand b on

temperature profiles. It is evident from the figures
that the influence temperature distribution
parameterb is more on prescribed heat flux case
and an increase in the value of a depreciates the
temperature profiles in PST case and enhances in
PHF case for both suction and injection cases.

14 T T T

T T T T T T

Blue - Suction
Red - Injection

12r

fitn)

n
Fig. 7. Velocity profiles for different values of
Grashof number Gry
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Fig. 8. Temperature profiles (PST) for different
values of Grashof number Gr,

Table 1 shows the influence of non-dimensional
governing parameters on friction factor and Nusselt
number of PST and PHF cases for both
suction/injection. It is evident from the table that
increase in magnetic field parameter depreciates the
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friction factor and heat transfer rate in PST case but
improves the rate of heat transfer in PHF case.
Increase in radiation parameter, non-uniform heat
source/sink parameters and thermal conductivity
parameters enhances the skin friction coefficient,
depreciate the heat transfer rate for PST case and
improves the rate of heat transfer in PHF case. A
raise in the value of Grashof number increases the
friction factor and Nusselt number in PST case but
deprecates the heat transfer rate in PHF case. Also,
we observed that rate of heat transfer is more on
injection case compared with suction case.

3 T T T T T T T T T

\ Blue - Suction
25 \ Red - Injection 4
\
\
28 \ i
\
\\
\
Z 150 \ Gr=123 A

0.5

0

35 4

0 05 1 15 2 45 5
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Fig. 9. Temperature profiles (PHF) for different
values of Grashof number Gry
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W\ 8=020406

Fig. 10. Temperature profiles (PST) for different
values of thermal conductivity parameter 0 ]
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Fig. 11. Temperature profiles (PHF) for different

values of thermal conductivity parameter & )
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Fig. 12. Velocity profiles for different values of
exponential parameter N

4. CONCLUSIONS

In this study we analyzed the momentum and heat
transfer characteristics of MHD boundary layer
flow over an exponentially stretching surface in
porous medium in the presence of radiation, non-
uniform heat source/sink, external pressure and
suction/injection. Dual solutions are presented for
both suction and injection cases. The heat transfer
analysis is carried out for both prescribed surface
temperature (PST) and prescribed heat flux (PHF)
cases. The impact of various non-dimensional
governing parameters on velocity, temperature
profiles for both PST and PHF cases, friction factor
and rate of heat transfer are discussed and presented
through graphs and tables. The conclusions are as
follows:

e Non-uniform heat absorption is very useful for
effective cooling of stretching surface.
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The Grashof number is considerable for the
controlling of flow and enhances the heat
transfer rate in prescribed temperature case.

Exponential parameter has capability to reduce
the thermal boundary layer thickness and
enhance the heat transfer rate for both PST and
PHF cases.

Increase in thermal conductivity parameter
enhances the flow along with temperature
profiles of the flow.

e An increase in magnetic field parameter
reduces the friction factor and increases the
heat transfer rate in prescribed heat flux case.

1 T T T T T T T T T
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Fig. 13. Temperature profiles (PST) for different
values of exponential parameter N
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Fig. 14. Temperature profiles (PHF) for different
values of exponential parameter N
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Fig. 15. Temperature profiles (PST) for different
values of temperature distribution parameter a_
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Fig. 16. Temperature profiles (PHF) for different
values of temperature distribution parameter a_
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Fig. 17. Temperature profiles (PHF) for different
values of temperature distribution parameter b
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Table 1 Numerical values of the Skin-friction coefficient f "(0) , Nusselt number for PST and PHF cases
—6'(0) and ¢(0)

S |M |Ra | A" |B" | Ok ) £7(0) -6'(0) #(0)
0.5 1 05 |05 |05 5 0.5 1.712858 0.898507 1.106171
2 |05 |05 (05 5 0.5 1.227323 | 0.862762 | 1.154092
3 |05 [05 |05 5 0.5 | 0.800261 | 0.832700 | 1.198591
-05 |1 |05 |05 |05 5 0.5 | 2.949828 | 0.620953 | 1.599865
2 05 |05 |05 5 0.5 2.578169 0.587916 1.704681
3 05 |05 |05 5 0.5 2.242130 0.559523 1.810476
05 |1 1 0.5 |05 5 0.5 | 2.479839 | 0.795864 | 1.249637
1 2 05 (05 5 0.5 3.632757 0.674179 1.475243
1 3 0.5 |05 5 0.5 | 4.490010 | 0.600762 | 1.655642
05 |1 1 0.5 |05 5 0.5 3.473135 0.585029 1.698597
1 2 0.5 |05 5 0.5 4,288036 0.531201 1.871502
1 3 0.5 |05 5 0.5 | 4.910318 | 0.492257 | 2.020874
05 (1 |05 [-0.1 |05 5 0.5 1.215776 | 0.997939 | 0.995712
1 0.5 0 0.5 5 0.5 1.452484 0.950486 1.049506
1 (05 |01 (05 5 0.5 1.712858 | 0.898507 | 1.106171
-05 |1 |05 [-0.1 |05 5 0.5 | 2.309866 | 0.725934 | 1.464988
1 |05 0 |05 5 0.5 | 2.616623 | 0.676136 | 1.530458
1 (05 |01 (05 5 0.5 | 2.949828 | 0.620953 | 1.599865
05 (1 |05 |05 |-01 5 0.5 1.458645 | 0.962545 | 1.033715
1 (05 |05 |0 5 0.5 1.582975 | 0.930917 | 1.068331
1 (05 |05 (01 5 0.5 1.712858 | 0.898507 | 1.106171
-05 |1 |05 |05 |-0.1 5 0.5 | 2.670140 | 0.681959 | 1.458358
1 (05 |05 |0 5 0.5 | 2.807229 | 0.651805 | 1.524986
1 (05 |05 (0.1 5 0.5 | 2.949828 | 0.620953 | 1.599865
05 (1 |05 |05 |05 1 0.5 |-0.971062 | 0.726630 | 1.397265
1 (05 |05 (05 2 0.5 |-0.126879 | 0.793089 | 1.263297
1 (05 |05 (05 3 0.5 | 0.564062 | 0.837312 | 1.190913
-05 |1 |05 |05 |05 1 0.5 |-0.097782 | 0.433411 | 2.683611
1 (05 |05 (05 2 0.5 | 0.877554 | 0.508168 | 2.046346
1 (05 |05 (05 3 0.5 1.661148 | 0.556051 | 1.819952
05 (1 |05 |05 |05 5 0.2 1.805478 | 0.862422 | 1.156952
1 05 |05 |05 5 0.4 1.986194 0.801227 1.279211
1 05 |05 |05 5 0.6 2.161110 0.751213 1.458170
-05 |1 |05 |05 |05 5 0.2 | 3.022968 | 0.603487 | 1.735443
1 (05 |05 (05 5 0.4 | 3.164653 | 0.573269 | 2.508847
1 (05 |05 (05 5 0.6 | 3.300716 | 0.547936 | 2.734577
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