Journal of Applied Fluid Mechanics , Vol. 9, No. 5, pp. 2311-2319, 2016.
Available online at www.jafmonline.net, ISSN 1735-3572, EISSN 1735-3645.
DOI: 10.18869/acadpub.jafm.68.236.24723 F

Turbulent Viscosity Concept Downstream an
Open-Channel Sudden Expansion

L. Han, E. Mignot" and N. Riviére

LMFA, CNRS-Université de Lyon, INSA de Lyon, Bat. Joseph Jacquard, 20 Av. A. Einstein, 69621
Villeurbanne, France.

T Corresponding Author Email: emmanuel.mignot@insa-lyon.fr
(Received February 19, 2015, ; accepted October 27, 2015,)

ABSTRACT

The recirculations are essential in river engineering because they form silting zones and favour the
development of specific fauna and flora. This paper deals with the behaviour of the recirculation
zones occurring downstream the sudden expansion of an open channel. An Acoustic Doppler Ve-
locimeter is used to measure the flow details. The mean flow property such as the length of the recir-
culation, the average velocity field and velocity gradient are obtained. Then the self-similarity of the
velocity profile is retrieved . The numerical simulation for the similar conditions are preformed with
the CFD software STAR CCM+. When compared with the experiments, the two approaches corre-
spond well in terms of length of recirculation zone and also regarding details such as the velocity
gradient profiles. Finally, the eddy viscosity concept is tested and the turbulent viscosity coefficient
are obtained along the streamwise axis for all flows.

Keywords: Shallow flow; Turbulent eddy viscosity; Experiments; Numerical simulation; Recircu-
lation.

NOMENCLATURE

B channel entire width

¢y skin friction coefficient

d  expansion width

h  water depth

L length of the recirculation zone
L, length of the upstream part

L, length of the whole channel

Q  discharge of the flow

R, expansion ratio

S bed friction number

U  streamwise time-average velocity
V' transverse time-average velocity
Yo  mixing layer center

d  width of the mixing layer

€  equivalent roughness height

€y dimensionless turbulent viscosity

A Darcy-Weisbach friction coefficient
ur  dynamic turbulent eddy viscosity
vr  kinematic turbulent eddy viscosity

1. INTRODUCTION cur and are observed in bays and harbors (Ouel-
let et al. 1986), behind islands (Wolanski and
Heron 1989), natural streams in rivers and estu-
aries (Chu et al. 2004). Li and Djilali (1995)
and Mignot et al. (2014)(b) have illustrated
many common geometries of recirculation zone
including sudden expansions, backward facing
steps, or flows around obstacles such as cylin-
ders. The recirculation downstream sudden ex-
pansions is one among all of them. It has signif-
icant implications in terms of sediment or pas-
sive scalar exchanges (Babarutsi and Chu 1991)

A shallow open channel corresponds to a con-
figuration where the horizontal dimensions are
much larger than the vertical extent so that the
vertical component of the flow acceleration is
negligible compared with the horizontal accel-
eration components (Liang 2006). These flows
correspond to very common phenomena in the
nature, such as wide rivers, coastal lagoons or
estuaries (Babarutsi et al. 1989). Consequently,
shallow recirculating flows also commonly oc-
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between the main flow and the dead zone where
silting occurs (Riviere et al. 2011). This dead
zone favors the development of specific fauna
and flora thanks notably to the exchanges of
oxygen, nutrients and other fundamental com-
ponents through its boundary which is a mixing
layer (Kimura and Hosoda 1997, Uijttewaal and
Booij 2000).

For a free and straight mixing layer, (Wygnan-
ski and Fiedler 1970) show that a maximum tur-
bulent activity takes place along the centerline
and that the width of the mixing layer linearly
increases. However, for the more complex mix-
ing layer occurring at the boundary of a recircu-
lation, (Talstra 2011) shows that the width of the
mixing layer first increases along the stream-
wise direction and then becomes a plateau near
the end of the recirculation. Another complex-
ity is introduced herein as some of our mixing
layers are shallow. To characterize this shallow-
ness, a parameter named bed friction number S
was introduced by Chu ef al. (1983) based on
the stability analysis of the depth-averaged shal-
low water equation and by Chu et al. (1991)
considering a turbulent kinetic energy balance.
S is defined as the ratio between the dissipation
term due to bottom friction and the production
term due to transverse shear across the mixing
layer. Using a classical inviscid theory , a crit-
ical bed friction number S.=0.12 is found by
Chu et al. (1983). It means that in shallow con-
dition where S, >0.12, the bottom friction im-
pedes the growth of the instabilities and in deep
condition (S, <0.12), the bottom friction effect
remains negligible. Based on measurements of
the shallow mixing layer width growth rate, Chu
and Babarutsi (1988) found S.=0.09 while Uijt-
tewaal and Booij (2000) propose S.=0.08. Ui-
jttewaal and Booij (2000) proved that the shal-
lowness limits the growth of the large scale ed-
dies in the vertical direction so that these ed-
dies become quasi-2D. It can then be assumed
that the eddy viscosity will also be influenced
by the shallowness. Babarutsi ef al. (1989) ap-
plied this concept to the shallow sudden expan-
sion and formulated S = Ad/8ho where A is the
Darcy-Weisbach friction coefficient, d is expan-
sion width and hy is the water depth, as seen in
Fig. 1.

The equation governing the fluid motion in a
turbulent flow is the classical Reynolds Aver-
aged Navier-Stokes equation (RANS). A sim-
ple way of solving the RANS equation is
to relate the Reynolds stress tensor to the
mean flow characteristics namely the classi-
cal Boussinesq’s hypothesis, which is used in
many different fields to model turbulent flows
(Schimitt 2007). It is based on an equiva-
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Fig. 1. Plan view of the experimental facility
and the configuration of the expansion.

lence between the Reynolds shear stress and
mean strain tensors (e.g. the time-averaged ve-
locity gradient). In such case, the coefficient
of proportionality is termed the eddy viscos-
ity ur, which is far from being a constant or
fluid property. Mignot et al. (2014)(a) reveal
that the eddy-viscosity concept fairly predicts
the Reynolds shear stress (see their Fig. 12) in
the recirculation of an open channel bifurcation.
However, few works focus on the influence of
the shallowness on the eddy viscosity.

As a consequence, the aim of the present work is
to investigate the turbulent viscosity in the mix-
ing layer produced by the sudden expansion for
very different flows with different shallowness,
i.e, different bed friction number S. After pre-
senting the experimental set-up and the numer-
ical model, the results are discussed regarding
the impact of shallowness on the flow charac-
teristics, on the Reynolds stress tensor and on
the eddy viscosity.

2. EXPERIMENTAL AND NUMERICAL
APPROACHES

2.1 Experimental Facility

Experiments presented in this paper were con-
ducted in a straight open-channel flume lo-
cated in the Laboratory of Fluids Mechanics and
Acoustics (LMFA) of Lyon, France. This flume
(Iength L;=8m and width B=0.8m) is straight,
has a symmetrical rectangular cross-section and
a streamwise mean slope of 0.18%.The chan-
nel is PVC made and its surface typical rough-
ness is € = 5 x 107> m. Geometrical parameters
are sketched in Fig. 1. A rectangular imper-
vious block of PVC of width d=0.2m is con-
structed along the upstream part of the right
bank over a length L,=3.56 m. The expan-
sion ratio thus equals Rp=(B-d)/B=0.75. The
axis system is set as depicted on Fig. 1 with
the origin (x = 0, y = 0) located at the expan-
sion section along the right side wall, where
x represents the streamwise axis and y is the
crosswise axis. A grid buffer and a honey-
comb are used for stabilizing the inflow up-
stream. Moreover, a float board made of ex-
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Fig. 2. The structure of the side-looking
ADYV and the sampling volume working
principle. From the user guide of Nortek,
2004.

truded polystyrene lies on the water free sur-
face in order to release the oscillations on the
flow. The downstream boundary condition con-
sists of an adjustable tailgate, allowing to pre-
cisely adjust the downstream water depth. The
experiments include 4 flow conditions with dis-
charges in different orders of magnitudes (see
Table 1). Hence, two electromagnetic flowme-
ters (Endress-Hauser) are used herein, one for
the range Q =5—40 L/s with an uncertainty
0.2L/s, another one for Q <5 L/s with an un-
certainty of 0.025L/s. The velocity field is mea-
sured using a Vectrino+ Nortek side-looking
ADV (Acoustic Doppler Velocimeter)(see Fig.
2). In shallow conditions, this device permits
to access the two horizontal velocity compo-
nents u# along the streamwise x and v along
transverse y directions respectively. The side-
looking ADV (see Fig. 2) is mounted on an
automatic displacement and recording carriage
connected to a PC computer through LabVIEW
software. Hollow glass spheres (50um) and hy-
drogen micro-bubbles are added to the flow up-
stream. The ADV measurement grid is com-
posed of about 1000 points which covers the en-
tire recirculation region (0< x <1.3L with L the
recirculation length and 0< y <3.5d).The water
depth is measured using an ultrasonic probe also
located on the automatic displacement carriage.

2.2 Data Post-Processing and Correction

ADV is quite convenient to use for characteriz-
ing both velocities and fluctuation, notably once
mounted on the automatic traverse equipment.
However, it presents two main disadvantages.

Fig. 3. A processed velocity signal (black —)
without the peaks (the points in red () seen
on the original data (red —).

10"

fia Y

Fig. 4. A spectrum of the streamwise
velocity u with the high frequency noise
deleted (black .—) with comparison with the
original spectra (red .—). —— is the
Kolmogorov’s 5/3 Law.

The first one is aliasing of the signal emitted
by the ADV. The phase-shift between the out-
going and incoming pulse introduces a spike in
the recording data Goring and Nikora (2002),
as shown in Fig. 3. The spikes are removed
using a correction of the method developed by
Goring and Nikora (2002). This method is
called “Phase-Space Thresholding Method” and
is widely used by most of the ADV users. It is
clear that in Fig. 3 the processed signal is free
of peaks.

The second disadvantage of the ADV is that
Doppler noise appears at high frequencies and
creates an additional variance that increases the
turbulent intensity (Nikora and Goring (1998)
and Voulgaris and Trowbridge (1997)). Here
the spectrum analysis is used for detecting and
deleting the noise. In Fig. 4, some high
frequency (f >7Hz) noises exist. When the
noise is deleted, the signal fits well with the
Kolmogorov’s -5/3 law.

2.3 Numerical Approach

The RANS equations are solved using a 3D
numerical model (StarCCM+) using a k — €
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Fig. 5. Evolution of the non-dimensional
recirculation length L/d as a function of the
friction number S with: 4 selected
configurations deeply studied in the sequel
(marker ¢: See Table 1); o: the additional
experimental configurations and e: the
numerical results. The black lines — are the
asymptots proposed by Babarutsi ef al.
(1989).

turbulent closure scheme.  This approach
considers the following simplifications:

1. A constant water depth using a rigid-lid
method (Plane wall with slip condition)
in the calculation while the water depth
evolves in the experiment. It was verified
that the recirculation length obtained with
this simplification compares well with both
the experiments (see Fig. 5) and simula-
tions using the VOF method, but with a
much smaller computational cost.

2. An isotropic turbulence model is used for
the turbulent closure. The realizable k — &
model is chosen. This can be surpris-
ing as other models such as k — @ SST
proved to be more accurate for the clas-
sical backward-facing step case. Never-
theless, during preliminary tests, realizable
k — € model proved to be globally more ac-
curate on the entire range of bed friction
number S considered in this study. This
was attributed to the influence of the ver-
tical confinement between the bed and the
free-surface, accounted by S. Moreover, an
isotropic eddy viscosity, as considered in
this model, is consistent with the approach
adopted in the sequel of this paper (section
5.2).

3. FLOW PROPERTIES WITH VALIDA-
TION OF SIMULATION
3.1 Length of the Recirculation

The length of the recirculation zone L/d is the
characteristic we consider of primary impor-
tance in this study. For the condition R,=0.75,

Table 1 Flow characteristics for all studied
configurations of experiments and
calculations with U and hg the bulk velocity
and the water depth at the expansion x=0

Test | Up(m/s) | ho(m) S L/d
F1 0.23 0.156 | 0.0032 | 6.45
F2 0.55 0.050 0.01 9.95
F3 0.36 0.021 0.032 5.80
F4 0.20 0.022 0.089 4.3
S1 0.32 0.4 0.001 6.84
S2 0.74 0.1 0.003 7.69
S3 1.3 0.05 0.007 8.78
S4 2.1 0.03 0.012 8.98
S5 0.3 0.02 0.03 6.38
S6 0.6 0.01 0.098 3.89

the dimensionless lengths of the recirculation
L/d are given in Fig. 5.

Fig. 5 compares the experimental and numeri-
cal results. The qualitative trend is retrieved by
the numerical approach:

— For large bed friction numbers S, L/d de-
creases as S increases.

— For § ~0.01, L/d reaches a maximum value

— For small S values, L/d decreases as S de-
creases.

To conclude, the numerical code appears to
fairly estimate the recirculating length and is in
agreement with the evolution of L/d for varying
S values. This numerical approach can then be
used for further analysis.

When comparing with the asymptotes proposed
by Babarutsi ef al. (1989), it is clear that the ex-
perimental and numerical data shows the same
decreasing tendency for high S value (Shallow
flows). Oppositely, but in the region of small S
values (in deep condition), L/d decreases as S
decreases which is a quite different result.

3.2 Mean Velocity Property

For further studying the mixing layer charac-
teristics, 4 experimental configurations F1-F4
(see Table 1) and one numerical configuration
S5 were tested.

The mean velocity fields are shown in Fig. 6
(experiments) and Fig. 7 (numerical simula-
tions). The four experimental configurations
give the same tendency:

1. The flow separates near x/L=0 and y/d=1,
with a velocity vector almost parallel to the
X axis.
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Fig. 6. Contours of the mean streamwise
velocity u /U with the streamline —— which
ends at the reattachment (Experiment).

Fig. 7. Contours of the mean streamwise
velocity u /U for S5 with the streamline —
which ends at the reattachment
(Simulation).

2. The flow reattaches at x/L=1 where the
mean streamwise velocity close to the wall
changes sign from negative to positive.

3. A main recirculation structure forms for
y/d <1 and x/L <1 and a secondary cell
near the corner at x=y=0 can also be ob-
served (especially for F2).

4. The streamlines which end at the reattach-
ment point x/L = 1 exhibit the same pat-
tern and interact with the side wall at the
position where 7 =0

N .
XL 06 08 1

Fig. 8. Evolution of the transverse gradient
of mean streamwise velocity. A is the
experimental data (F3) and o is the
simulation data (S5, more dense than
experiment). Line —— is the streamline of
F3.

The simulation configuration S5 corresponds
well with the experiment F3 as shown in Fig. 6
and Fig. 7. The recirculation zone is well de-
veloped in the region 0< x/L <1. The velocity
in outer region (y/d >2) decreases along the
streamwise direction as a consequence of the
expansion.

Velocity gradient profiles for configurations
F3 and S5 are plotted in selected sections x/L
in Fig. 8. Again a fair agreement is obtained
between the experiments and simulations
globally except for some points in the lateral
wall from 0.4< x/L <0.6. It appears that the
maximum gradient takes place along the sep-
arating streamline (experiment) for x/L <0.8,
and that further downstream the maximum
gradient remains far from the side wall while
the separating streamline reattaches. Moreover,
it appears that the magnitude of maximum
gradient of each section decreases towards the
reattachment point.

3.3 Similarity

Many studies in the literature showed that the
transverse profiles of mean streamwise veloc-
ity are self-similar (see for instance, Bell and
Mehta (1990) for a free unbounded mixing
layer, Mignot et al. (2014)(b) for a confluence,
or Lyn and Rodi (1994) for the flow over an ob-
stacle). This behaviour is also retrieved in our
flows with (W —U,) /(U —U) plotted as a func-
tion of (y —y.)/d in Fig. 9 with:

1. Uj(x) is the outer velocity magnitude in the
free stream, measured at y/d=1.5 for each
section.

2. U,(x) is the outer velocity on the recircula-
tion side, which is defined as U,=0 as pro-
posed by Talstra (2011).

3. y. is the maximum transverse gradient po-
sition at each section x/L.
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Fig. 9. Mean streamwise velocity profiles in

similarity coordinates for the four cases F1

to F4. The locations of the velocity profiles

are regularly spaced as in Fig. 8. ——is the
Gaussian curve.

4. § is the width of the mixing layer which
equals 8(x) = W

|Ty‘max

The agreement is fair over about two mixing
layer widths (y — y. = 4+8). The dash lines in
the figures are the Gaussian curve plus a con-
stant, as proposed by Lyn and Rodi (1994). The
agreement is good in the outer side of the mix-
ing layer and satisfactory in the region of the
recirculation. Along the streamwise direction
x, the measurements separate from the Gaus-
sian curve for the four configurations where

(y—ye)/8 <-1.
4. TURBULENT CHARACTERISTICS

Figure 10 plots the Reynolds shear stress —u/v/
in color contour.

It appears that the shear stress distributions are
quite qualitatively similar for the 4 measured
flows:

1. In the upstream region, the maximum
Reynolds shear stress is located along
the streamline and decreases towards the
side wall (y/d = 0) and the outer region

(y/d >1).

2. In the downstream region (x/L >0.8), the
maximum Reynolds shear stress is located
away from the side wall.

3. The shear stress magnitudes increase in the
upstream region of the mixing layer and
reach a maximum value at x/L ~ 0.2 t0 0.5
and then decrease downstream. Besides,

1,0 1
oyl =
—u/v' |UZ x10°

Fig. 10. Evolution of the Reynolds shear
stress term: —u/v/ normalised with U3.
Note: the white —— line is the separating
streamline.

the position of this maximum value moves
upstream as S increases.

4. The region of elevated Reynolds shear
stress becomes smaller as the bed friction
number S increases.

As a consequence, the vertical confinement be-
tween the bed and the free surface affects the
shear stress of the flow which impedes its de-
velopment along the streamwise direction.

5. TURBULENT VISCOSITY CONCEPT
5.1 Gradient Model

The eddy viscosity concept, following the
works of Joseph Boussinesq in 1877, relates the
Reynolds stress tensor to the mean rate of strain
tensor, it reads:

_Wu;—‘,— %ksij =Vr (aﬁz/axj +a"Tj/axl) (1)
= 2VTS,'j

with vr the so-called “turbulent viscosity” or
“eddy viscosity” coefficient, k the turbulent ki-
netic energy, d;; the Kronecker symbol which
equals to 1if i = j and O if i # j and finally S;;
the mean rate of strain tensor.

Here, vr is hypothesized isotropic as it does not
depend on i and j, and it is not satisfied in many
configurations (see (Pope 2008)). So it is not
expected to be valid in the present flow configu-
ration, and no discussion regarding the validity
of the isotropic turbulent viscosity assumption
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is made here. This paper is based on a two-
dimensional (2D) analysis, application of Eq.1
to the non-diagonal term becomes:

—mw:vf(g;%g;) — V7 S,y )

Note that in our flows, % >> % (not shown
here), Eq.2 thus simplifies as below:

_u/w:vT(g;‘) 3)

5.2 Estimation of v; Coefficient

Figure 10 and Fig. 8 reveal that the Reynolds
shear stress and velocity gradient terms exhibit
a similar qualitative pattern. This gives credit
to the application of the eddy viscosity con-
cept. In order to test the validity of the sim-
plified gradient model (Eq. 3), the dimension-
less —ufv/ and VT(?) are plotted together on
Fig.11 with v7 calculated as the best-fit for each
transverse section with the least square method
(noted V7 _peg fir)- It Teveals that for the 4 flows,
the agreement is fair. Note that, due to some
perturbation (which origin remains unknown)
of the Reynolds shear stress term near the reat-
tachment section, agreement there is not ob-
tained. Nevertheless, the overall agreement is
fair. vr(x) obtained by the best-fit are shown
in Fig. 12: for the 4 flows, the terms —u/v/
and VT(%?) show the same tendency with a
maximum located at the same y/d position and
a decrease along both sides. It confirms that
vr(x) does not varies much along the stream-
wise direction. For instance for flow F2 it varies
between 2x10~* and 1.5x107* m?/s, that is
+14% around the mean value.

The average value of vr(x) of all the sec-
tions is refered to as V7_giopa in Table 3.
In Fig. 13, the application of V7_pes s and
VT _Global are compared at two x/L sections. In
the upstream region of the recirculation zone
(x/L=0.1), the two terms are in fair agreement.
In the downstream region of the recirculation
zone (x/L=0.9), the two definitions are in ac-
ceptable agreement. Hence, for the further anal-
ysis, only V7_giopar Will be considered for its
simpler use.

Obtained values of Vy_giopa are listed in Ta-
ble 2 along with values obtained from the nu-
merical simulations Vr_g;,, (averaged also on
all the sections). These values are of the same
order of magnitude. Especially, configurations
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Fig. 11. Evolution of Eq.3 in each profiles
normalized with U3. Note the o is the
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Fig. 12. The best fit turbulent viscosity
magnitude V7_p.g fir (x) along the
streamwise for the 4 experimental cases.

1 1 —
() = 2 % 1042/ () =15 x 10742 s
1.4 1.4
@/ =01 @/L=09
12 12
3
21 1
0.8 08
0.6 0.6
04 04
02 0.2
0
-1 0 1 2 3% 0 5 10
—wnjUs  x16° U 10"

Fig. 13. Profiles of VT(%) using V7 _pest fir

(0) and V7 _glopar=1.8%107* (e), compared
with the shear stress term —u/v/ (<) for F2
at two streamwise section.

F1, F3 and F4 exhibit similar quantitative values
between experiment and simulation. For F2, the
values differ between experiments and simula-
tion because the two points are not exactly in
the same condition.
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Table 2 V7_giopa magnitude for the four
experimental cases and the

four corresponding numerical configurations

10}
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Cas S VT—Global Case VT —Simu
Exp. (10~*m? /s) | Num. | (10~*m? /)
F1 [0.0032 0.8 S2 0.6
F2 | 0.01 1.75 S4 4.7
F3 | 0.032 0.5 S5 0.4
F4 | 0.089 0.155 S6 0.2
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Fig. 14. The dimensionless turbulent eddy
viscosity coefficient €(x) in the region of

recirculation.

5.3 The Dimensionless Turbulent Viscosity

For further studying the bed friction influence
on the turbulent viscosity, the dimensionless
turbulent eddy viscosity coefficient € is in-
(Tennekes and Lumley 1972)
and (Wygnanski and Fiedler 1970) defined it as
€9 = vy /AUA. In the recirculation flow, the se-
lected characteristic scales for normalising are

troduced here.

d(x) and AU = U. €(x) is then defined as:

VT Bestfit (x)
(x) = 3(x)Uo

and & is the spatially average value of €(x) in

the region 0< x/L <1.

Figure 14 reveals that €(x) decreases along the
streamwise direction. Secondly, the value are

“

10}

2®

10

10°

Fig. 15. The spatially average dimensionless
turbulent eddy viscosity coefficient &g in the
recirculation. Note that: A are the
experiment points(F1-F4) and the e are the
simulation results (S1-S6).

lation increases for S <0.01.
6. DISCUSSION AND CONCLUSION

This paper focuses on the turbulent eddy viscos-
ity characteristics occurring at the interface be-
tween the main flow and the recirculation zone
created by a sudden expansion. The four differ-
ent configurations differ in terms of shallowness
S. Precise and exhaustive velocity field mea-
surements were performed using an ADV for
four experimental cases. In the same time, cal-
culations are performed through numerical sim-
ulations using STAR CCM+. The main conclu-
sions are:

(1) For the global characteristic of the expan-
sion flow, i.e. the dimensionless length of the
recirculation zone L/d, and for the details of
the flow such as velocity gradients, the numeri-
cal results are in fair agreement with the exper-
imental results.

(2) The turbulent characteristics in the mix-
ing layer show strong similarities between the
Reynolds shear stress and the velocity gradient
profiles. This reveals the interest of testing the
eddy viscosity concept.

(3) The gradient model is adapted to our exper-
iments. It fairly applies for the four experimen-
tal cases. Secondly, the eddy viscosity remain

in the same order of magnitude. Hence, for ob-
taining the region average value of the turbulent
eddy viscosity, the arithmetic mean is used for
the four experimental flows and the 6 numerical
simulation from Table 1. The results are given
in Fig. 15. It reveals that in the shallow region
(S >0.01), the experiments and the simulation
fairly agree with each other. And more, the ten-
dency is about oc S7%6, which corresponds to
the results obtained for L/d in Fig. 5. The dif-
ference between the experiments and the simu-

nearly constant along the streamline.
The paper introduces the discussion regard-
ing the dimensionless turbulent eddy viscos-
ity coefficient € with simulation and experi-
ment. The two method give similar conclusion
and approve that the numerical turbulent model
(isotropic, statistically stationary) is adapted in
this fluid pattern. Besides, the shallowness ap-
pears to play an important role in this parameter
value. The results indicate that as the bed fric-
tion number S increases, €y decreases along S.
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