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ABSTRACT 

The rollover phenomenon of LNG tank has great threat to secure storage of LNG, therefore the Curvelet finite 
element method combing the large eddy simulation technology to analyze the rollover mechanism. Firstly, the 
basic principles of Curvelet transform are studied, the mathematical model and properties of Curvelet 
transform have been discussed. Secondly, theoretical models of rollover of LNG tank with gas-liquid 
stratification based on large eddy simulation are put forward, and then rollover Curvelet finite element of 
LNG tank with gas and liquid phase stratification is established. Finally, the rollover mechanism analysis of 
LNG tank with gas and liquid stratification is carried out based on different simulation method. The changing 
rules of mean velocity of interface between gas and liquid phase LNG gas phase and liquid phase LNG is 
obtained, and the changing rules mean velocities of gas and liquid phase LNG for different heat flux density 
are also obtained. Comparing results show that the Curvelet finite element method has higher computing 
precision than traditional finite element method. 
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1. INTRODUCTION

With the adjustment of national energy structure 
and improvement of environmental requirements, 
the liquid natural gas (LNG), as a kind of clean 
energy without color, taste, toxic and corrosion, has 
been applied widely in China. LNG tank is a main 
storage device of LNG. LNG in tank will generate 
the static evaporation due to interference arising 
from outer heat source, the LNG vaporizes on 
heating, and then pressure in tank rises accordingly. 
The component with low boiling point in upper 
liquid evaporates preferentially, and then two or 
more LNG stratification with different density and 
temperature form. When the density and 
temperature differences reach to a certain value, and 
the rollover will be caused, and rapid evaporation 
will be formed. In addition, the heat leakage of tank 
wall and heat and mass exchange between different 
layer make two layers mix rapidly to occur rollover 
phenomenon. The bottom layer liquid has big 
density and high temperature, and the liquid is in 
overheating state. The lower liquid rolls to upper 
layer, a large amount of liquid vaporizes in a short 

period of time owing to the change of pressure. The 
rapidly changing pressure make safety valve move 
frequently, and a amount of LNG is lost due to 
emission out of control. The explosive mixed cloud 
cluster will form in the surrounding space, or the 
boiling liquid expanding vapour explosion can be 
raised. The rollover of LNG tank has great threat to 
secure storage of LNG, therefore it is necessary to 
take certain precautions to avoid the occurrence of 
rollover phenomenon in LNG transport and storage. 
Since the rise of LNG industry in 1970s, many 
LNG rollover accidents have already happened.  

In recent years, the rollover phenomenon of tank has 
been concerned by many scientists, and some 
excellent achievements have been obtained. Osama 
A.Marzouk and Ali H.Nayfeh (2009) studied the
performance of passive and active anti-roll tank
(ART) system, each ART consists of three identical
tanks, distributed along the center line of the ship.
The loads exerted on the ship by the ARTs could
reduce the excessive roll motions. Christian Holden
et al. (2011) propose two new models of u-shaped
anti-roll tanks for ships and a simplified nonlinear
model. The models were derived by Lagranian
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mechanics. Results showed that the proposed 
nonlinear models were valid for large roll 
amplitudes. Even at moderate roll angles, the 
nonlinear models had three orders of magnitude 
lower mean square error relative to experimental data 
than the linear models. AmirKolaei et al (2014) 
proposed a model of a partly-filled tank of arbitrary 
cross section for predicting transient lateral slosh 
force and overturning moment by linear slosh theory. 
Results suggested that a tank cross-section with 
lower overall center of mass and lower critical slosh 
length yielded an enhanced roll stability limit under 
medium- and high-fill conditions. Wenhua Zhao and 
Finlay McPhail (2017) carried out the experimental 
study for a barge-like vessel carrying two spherical 
tanks. These tanks were filled with water to different 
volumes to simulate different loads. Results showed 
that roll response of the vessel with liquid cargo 
inside spherical tanks was greater than observed for 
the equivalent ‘frozen-cargo’ case. Yuxing Li et al. 
(2015) studied the rollover phenomenon in LNG 
storage based on experiment and FLUENT software. 
Experimental results showed that initial phase where 
rollover occurred near the side wall of the storage 
tank, and the turbulent phase where rollover 
transferred to the center of the tank. Simulation 
results showed that rollover coefficient initially 
increases within a small scope and then increased 
rapidly with the increment of initial density 
difference. Mohammad RezaAssari et al. (2018) 
studied the thermal stratification of water storage 
tank on solar collector performance based on 
experiment. Three experiments with different 
conditions were carried out, and results showed that 
lowering the temperature of the lower layers in the 
tank would enhance the solar collector performance, 
and  the tank bottom temperature and the collector 
efficiency were inversely related. As seen from 
existing achievements, the researches mainly focused 
on liquid-liquid stratification and rollover of tank, 
and performance of anti-roll tanks in ship. The gas-
liquid phase stratification of LNG tank has not been 
reported so far. Therefore the rollover mechanism of 
LNG tank with gas-liquid phase stratification should 
be studied in depth.  

Rollover of LNG tank with gas-liquid stratification 
belongs to nonlinear problem, therefore an effective 
numerical method should be chosen to enhance the 
computing precision and efficiency of simulation 
analysis. Wavelet finite element method is an 
effective tool for analyzing the nonlinear problems. 
In recent years, the wavelet finite element method 
has been applied to analyze the nonlinear problem, 
and some excellent achievements have been 
obtained. Bin Zhao et al. (2016) studied the heat 
transfer of single screw compressor based on fuzzy 
random wavelet finite element method. The heat 
transfer wavelet finite element model of single 
screw compressor was constructed using Hermitian 
wavelet function, and the fuzzy random Hermitian 
wavelet finite element model was established based 
on λ level set theory. Mojtaba Aslami and Pavel 
A.Akimov. (2016) proposed an efficient multilevel 
based on coupling of finite element method and 
discrete wavelet transform, which was applied in 
local static analysis of plates. The problem was 

discretized using finite elements and the governing 
equation was transformed into a localized one by 
using the discrete Haar wavelet. Simulation results 
showed that the new method could offer more 
accurate results for the selected regions comparing 
with the finite element solutions, and the efficiency 
of the new method was considerable improved. Yan 
Azdoud et al. (2017) extended a wavelet 
enrichment adapted finite element model for elastic 
materials to finite deformation, crystal plasticity 
analysis of polycrystalline micro-structures. The 
new model created an optimal set of scaling and 
multi-resolution wavelet basis functions, and the 
convergence rates and computational efficiency 
were verified based on validation tests. Ali 
Mokhtari et al. (2017)  formulated the wavelet-
based spectral finite element model for time and 
wave domain dynamic analysis of an axially 
moving Timoshenko beam subjected to axial 
pretension. The localized nature of Daubechies 
wavelet basis functions were used for temporal 
discretization of the governing partial differential 
equations into a set of ordinary differential 
equations. The high precision of new method was 
evaluated by comparing analysis. As seen from the 
current researching achievements, the wavelet finite 
element has been applied in many fields. 
Application results showed that the wavelet finite 
element can solve nonlinear problems effectively, 
therefore applying the wavelet finite element 
method in analyzing the rollover problem of LNG 
tank is feasible. The Curvelet tansform has 
characteristics of multi-scale and multi-direction, 
which can carry out better sparse representation for 
edge curve than wavelet transform. It has 
characteristics of anisotropy and completeness, 
which has better approximation ability than wavelet 
transform. Therefore Curvelet transform is used to 
introduce into the traditional finite element method 
to generate the Curvelet finite element method. In 
addition, the rollover process of LNG tank with gas 
and liquid phase stratification has strong turbulence 
characteristics, therefore the large eddy simulation 
method is applied in this research to enhance 
correctness of rollover analysis of LNG tank. 

1 BASIC PRINCIPLE OF CURVELET 
TRANSFORM 

In given feature point set R2, x is the location 
parameter of space, ω is the variable of the 
frequency domain, r and θ are the polar 
coordination under frequency domain.  

Let us assume that “radius window” W(r) and 
“angle window” V(r) are smooth, non-negative and 
real valued, V(t) satisfies the following conditions:  

2 (2 ) 1j

j

W r



 , (0.75,1.5)r                         (1) 

2( ) 1
j

V r l



  , ( 0.5,0.5)r                          (2) 

The “wedged” window under polar coordination Uj 
is formulated by: 
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Where [j/2] is the integer part of j/2. 

The rotation angle sequence with the same interval 
and displacement parameter is expressed by 

[ /2]
1 2 2 , 0,1,2,...,j l l       

0 2l                                                              (4) 

 2
1 2( , )k k k Z                                                    (5) 

The Curvelet transform under scale 2-j, directional 
angle θl , and location 

( , ) 1 /2
1 2( 2 , 2 )

l
j l j j

kx R k k
      is formulated by 

(Nayak et al., 2017): 

( , )
, , ( ) ( ( ))

l
j l

j k l l kx R x x                                  (6) 

Where Rθ is the rotation using θ as radian. 

The local window under Cartesian coordinate 
system is listed as follows: 

( ) ( ) ( )j j jU W V                                               (7) 

Where 2 2
1( ) ( ) ( )j j jW      ,  

[ /2] 2

1
( ) (2 )j

jV V



 ,   is the inner product of 

the one-dimensional low-pass window, which is 
formulated by: 

1 2 1 2( , ) (2 ) (2 )j j
j                                (8) 

The slope with the same interval can be described 

by expression [ /2]
1tan 2 jl   , 

[ /2] [ /2]2 , ,2 1j jl    , and then the expression 
(8) can be transferred to the following formulation: 

, ( ) : ( ) ( )
lj l jU W V S                                        (9) 

Where 
1 0

tan 1
S 

 
   

, and then the Cartesian 

Curvelet can be expressed by (Dong et al., 2017): 

3 /4
, , ( ) 2 ( ( ))

l l
j T T

j l k jk S x S b                        (10) 

where b takes the discrete value 

/2
1 2( 2 , 2 ).j jk k   . 

2 THEORETICAL MODELS OF 
ROLLOVER OF LNG TANK WITH 
GAS-LIQUID STRATIFICATION 
BASED ON LARGE EDDY 
SIMULATION 

Rollover is the main reason that causes the 
instability accident of LNG storage and 

transportation. The rollover is the process of 
intense evaporation, which can lead to the rapid 
pressure rise of LNG tank. If the protective 
measures are improper, the serious accident will 
happen. 

The thermal stratification of LNG in storage tank 
can be generated because of all kinds of reasons. 
The LNG tank concludes gas and liquid phase 
region, and the liquid phase region concludes 
stratification and main flow area. The LNG with big 
density is at the bottom of the liquid phase region, 
and the natural convection of upper and lower 
layers is limited to each layer.  

Because the rollover process of LNG tank with gas 
and liquid phase stratification belongs to 
turbulence, the large eddy simulation method is 
applied to analyze the rollover of LNG tank to 
improve calculating precision of numerical analysis. 
The pulsation with small scale in turbulence is 
eliminated by using filtering method, and the 
filtering process is completed based on integral 
operation, the corresponding formulation is 
expressed by 

( , ) ( , ) ( )i i
V

u x t u t G x dV                               (11) 

Where ( )G x   is the filtering function, and the 
cartridge filtering function is used in this research, 
which is expressed as follows: 

1
,

2( )

0,
2

G x





     


                                      (12) 

Where   is the grid average scale,   is the 

dissipation scale,   is the initial horizontal 
coordinate. 

The controlling equation of large eddy simulation 
can be obtained through filtering process, which is 
expressed as follows (William et al., 2017): 

21i j iji i

j i j j j

u uu up

t x x x x x





  

    
     

           (13) 

0i

i

u

x





                                                               (14) 

Where   is the density of gas and liquid phase 
LNG,   is the kinematic viscosity of gas and 

liquid phase LNG, ij  is the sub grid stress. And 

the corresponding expression can be confirmed 
based on strain rate of large scale flow field, which 
is expressed as follows: 

1
2

3ij kk ij t ijS                                              (15) 
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                                           (16) 
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Where ij  denotes the Kronecker mark, ijS  

denotes the large scale deformation rate tensor, t  

denotes the eddy viscosity coefficient of sub grid, 
which is calculated based on Smagorinsky model, 
and the corresponding expression is listed as 
follows: 

2( )t sC S                                                      (17) 

Where 2 ij ijS S S , sC  denotes the empirical 

Smagorinsky coefficient, 0.2sC   in this research.  

The state equation of mass density is expressed 
as follows (Volpiani et al., 2017): 

0 01 ( )T T                                               (18) 

Where   denotes the thermal expansion 
coefficient, 0 .and 0T  are the initial density and 

temperature respectively. 

  For qth phase of the multiphase flow, the volume 
ratio equation is expressed as follows: 

1

( )
.( )

n
q q

q q q pq
p

u m
t

 
 




  

                         (19) 

Where q  denotes the volume fraction of qth 

phase, q  denotes the density of qth phase, qu  

denotes the velocity of qth phase, pqm  denotes the 

mass transfer from pth phase to qth phase. 

3 . ROLLOVER CURVELET FINITE 
ELEMENT OF LNG TANK WITH 
GAS AND LIQUID PHASE 
STRATIFICATION 

The Curvelet functions 1
, , ( )j l k   and 2

, , ( )j l k   

can generate multi-resolution subspaces  1jV  an 

 2
jV , the tensor product of subspaces form the 

higher order space, which is expressed as follows:   

1 2
j j jV V V                                                        (20) 

Where jV  denotes the tensor space, 

0,1, , 1j N  ;   denotes tensor product 

operator,   and   denote the local coordinates.  

The Curvelet function in sub space is expressed as 
follows:  

 1 1 1 1
, , , , , , , ,( ), ( 1), , ( ( 2))j l k j l k j l k j l k N         
   

                                                                             (21) 

 2 2 2 2
, , , , , , , ,( ), ( 1), , ( ( 2))j l k j l k j l k j l k N         
   

                                                                             (22) 

The Curvelet function on higher order space  jV  

is expressed as follows: 

1 2
, , , , , ,j l k j l k j l k   
  

                                          (23) 

The Curvelet function is used as the interpolating 
function to establish the Curvelet finite element, 
and the temperature function ( , )iu    can be 

expressed as follows (Kumar and Rai, 2016): 

( , ) .i wu c  
 

                                                   (24) 

where 


 is Curvelet function, wc


 denotes wavelet 

coefficient vector,  ,0 ,1 , ( 2), , ,w w w w Nc c c c  
  , 

,0 ,1 , ( 2), , ,w w w Nc c c   0 ( 2), , Na a   are elements 

of wc


, and the relationships between the local and 

global coordinates can be expressed as follows: 

1

2 1

x x
a

x x





                                                         (25) 

1

2 1

y y

y y
 



                                                        (26) 

Where 1x  and 2x  are the maximum and minimum 

values of x  coordinate for Curvelet finite element; 

1y  and 2y  are the maximum and minimum values 

of y  coordinate. 

Equivalent integral form of two-dimensional 
turbulent flow is expressed as follows: 

 

   2
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       

0

1
( ) 0ij

i
i j

p
u dl

x x




 

    
   

                         (27)

 
Where e denotes the Curvelet finite element, S 
denotes the volume of Curvelet finite element, l 
denotes the linear boundary of Curvelet finite 
element.  

Putting formula (24) into formula (27) considering 
the arbitrariness of iu , the Curvelet finite element 

equation is expressed as follows: 

i
i

u
A Bu F

t


 


                                                 (28) 

Where A denotes the fluid mass matrix, B denotes 
fluid stiffness matrix, F denotes the node load 
vector of fluid element.  

i i
e e

ij G L
e e

A A A                                             (29) 

e
ij ij

e

B B                                                           (30) 
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i i
e e

ij G L
e e

F F F                                             (31) 

where 
i

e
GA  denotes the contribution of gas phase 

fluid element on mass matrix, 
i

e
LA  denotes the 

correction of liquid phase fluid element on mass 

matrix, e
ijB  denotes the contribution of element on 

fluid stiffness matrix, 
i

e
QF  is the node load 

generated by gas phase fluid element, 
i
e
LF  is the 

node load formed by the liquid phase fluid element.  

The matrix elements are expressed as follows: 

. .
i e

j je i i
G S

A d d 
   

   
       
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2

i e
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A d d 
 

  
     
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 
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i e

e
G i

p
F dl




 

                                                (35) 

i e

ije
L iF dl





 

                                              (36) 

where i  and j  denote the weighted functions.  

The recurrent formula is used to solve the 
formula (14), which is expressed as follows: 

, 1 1i n nBu R                                                      (37) 

where     
A

B B
t

 


,  

1 , 1/ (1 ) (1 )n i n n nR A t B u F F            , 

  denotes the interpolation coefficient, t  denotes 
the time step.  

The corresponding algorithm procedure is 
constructed, which is listed as follows: 

Step 1: Coefficient matrices A and B are obtained 
based on formulas (32)-(34); 

Step 2: The initial fluid velocity is set as ,0iu ; 

Step 3: The values of   and t  are confirmed 
according to real situation of problems. 

Step 4: The effective coefficient matrix is generated 

by the following expression 
A

B B
t

 


. 

Step 5: The triangular decomposition is carried out 

for B  based on the following expression: 

B LDL                                                             (38) 

Where L is the low triangle matrix, D is the 
diagonal matrix with positive element. 

  Step 6: The initial vector 1nR   is chosen. 

Step 7: The effective vector 1nF   is generated 

based on formula (39). 

  Step 8: The , 1i nu   can be solved through the 

following expression: 

, 1 1i n nLDL u F                                                  (39) 

  Step 8: The calculating results is judged whether 
meets the error condition predefined, if it meets the 
error condition, the algorithm is over; otherwise if it 
does not meet the error condition, return to step 6.  

4. ROLLOVER MECHANISM 
ANALYSIS OF LNG TANK WITH 
GAS AND LIQUID 
STRATIFICATION 

The physical model of thermal stratification and 
rollover of LNG tank can be simplified as follows: 
the capacity of LNG tank is 10000m3, the diameter 
of LNG tank is 20m, and the LNG tank uses 2D 
model, and the thickness of LNG tank is ignored. 
Two layers with same height in the total LNG tank 
are used as researching objects, and the top layer is 
gas phase LNG, the bottom layer is liquid phase 
LNG, and the interface is fixed. The simplified 
physical model of LNG tank is shown in Fig. 1.  

 

 
Fig. 1. Simplified physical model of LNG tank. 

 

In order to verify the reliability of the Curvelet 
finite element method, the mean velocity of 
interface between gas and liquid phase LNG are 
obtained based on traditional finite element method, 
Curvelet finite element method and test 
respectively. 

The gas phase LNG is meshed by 420 Curvelet 
finite elements and 2480 traditional finite elements, 
and the liquid phase LNG is meshed by 352 
Curvelet finite elements and 2268 traditional finite 
elements. The mean velocity of LNG is measured 
by fluid velometer. The mean velocity of interface 
between gas and liquid phase LNG gas phase and 
liquid phase LNG are shown in Fig. 2.  
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Fig. 2. Mean velocity of interface between gas and liquid phase LNG gas phase and liquid phase LNG. 

 

As seen from Fig. 2, the velocity of interface 
between gas and liquid phase LNG increases 
rapidly in 0-60s, and it reaches maximum 
velocity at 50s, because the density of interface 
between gas and liquid phase LNG changes 
quickly. The interface between gas and liquid 
phase LNG produces huge fluctuations under the 
effect of compression between gas and liquid 
phase LNG, and then the rollover of LNG tank 
happens. The velocity of interface between gas 
and liquid phase LNG decreases in 60-120s, this 
is due to reduction of density caused by fierce 
action between gas and liquid phase LNG in 
early stage, and then the degree of compression 
between gas and liquid phase reduces 
accordingly. The rollover phenomenon still 
exists after 120s, however the compression 
dynamic decreases continuously, and then the 
severe degree of rollover reduces. The main 
reason is decreasing of density, and the velocity 
of interface between gas and liquid phase LNG 
decreases remains stable gradually.  

In addition, although the number of the Curvelet 
finite elements used to mesh the LNG tank is less 
than that of the traditional finite elements, the 
Curvelet finite element solution is closer to the 
testing value than traditional finite element 
solution, therefore the Curvelet finite element 
method has higher computing precision.  

The rollover has many affecting factors, the 
effect of environmental heat leakage on it is 
studied firstly. The mean velocities of gas phase 
and liquid phase LNG are calculated when the 
heat flux densities are 35W/m2 and 55W/m2 
respectively, and results are shown in Figs. 3 and 
4 respectively.  

As seen from Figs 3 and 4, the maximum 
mean velocity of gas and liquid phase LNG 
increases when the heat flux density increases. 
With increasing of environmental heat 

leakage, the gas and liquid phase LNG flow 
rapidly, and then the mean velocities of gas 
and liquid phase LNG increase accordingly. 
The accumulated heat of gas and liquid phase 
LNG increases with increasing of 
environmental heat leakage, and then the 
rollover of LNG tank is becoming increasingly 
intense. When the heat flux density increases 
from 35W/m2 to 55W/m2, the increased range 
of mean velocity of liquid phase LNG is 
bigger than that of gas phase LNG. In addition, 
the maximum mean velocity of gas phase LNG 
is bigger than that of interface between gas and 
liquid phase LNG, and the maximum mean 
velocity of liquid phase is less than that of 
interface between gas and liquid phase LNG. 
The comparing results between the Curvelet 
finite element solutions and traditional finite 
element solutions also show that the Curvelet 
finite element method has better computing 
reliability than traditional finite element 
method. 

5. CONCLUSIONS  

Storage and transportation safety of LNG is 
important in High speed development period, 
therefore it is necessary to study the rollover 
mechanism of LNG tank. The rollover model of 
LNG tank is constructed based on large eddy 
simulation technology. The Curvelet finite 
element model is established through combing 
the Curvelet transform and traditional finite 
element method to solve the rollover model of 
LNG model. The rollover procession of LNG 
tank can be analyzed effectively. Simulation 
results show that velocity of interface between 
gas and liquid phase LNG increases rapidly in 0-
60s, and then tends to be stable later. The 
Curvelet finite element can obtain higher 
computing precision than traditional finite  
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Fig. 3. Mean velocity of gas phase LNG for different heat flux density. 

Fig. 4. Mean velocity of liquid phase LNG for different heat flux density. 

 

element method using less elements. The effect 
of environmental heat leakage on rollover of 
LNG tank is also studied, and the rollover degree 
of LNG tank increases in intensity with 
increasing of heat flux density. The influence of 
other affecting factors on rollover of LNG tank 
can be analyzed in depth by using the Curvelet 
finite element method, and the better computing 
precision can be obtained. The theoretical 
analysis results can offer beneficial guidance for 
taking effective measures to prevent rollover of 
LNG tank. 
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