Journal of Applied Fluid Mechanics, Vol. 11, No. 4, pp. 1047-1057, 2018.
Available online at www.jafmonline.net, ISSN 1735-3572, EISSN 1735-3645.
DOI: 10.29252/jafm.11.04.27914 F

Wave Motion dueto a Ring Sourcein Two Super posed
Fluids Covered by a Thin Elastic Plate

N. Islam', R. Gayen'?, and B. N. Mandal®

! Department of Mathematics, Indian Institute of Technology, Kharagpur - 721302, India
2 Physics and Applied Mathematics Unit, Indian Statistical Institute, Kolkata 700108, India

7 Corresponding Author Email: rupanwita.gayen@gmail.com
(Received April 25, 2017; accepted January 9, 2018)
ABSTRACT

The problem of wave generation by a horizontal ring of wave sources of the same time-dependent strength
present in any one layer of a two-layer fluid is investigated here. The upper fluid is of finite height above the
interface and is covered by a floating thin infinite elastic plate (modeling a thin sheet of ice) while the lower
fluid extends infinitely downwards. Assuming linear theory, the problem is formulated as an initial value
problem and the Laplace transform in time is employed to solve it. For time-harmonic source strength, the
asymptotic representations of the potential functions describing the motion in the two layers for large time
and distance are derived. In these representations, the two different coefficients for each of the surface and
interface wave modes have the same numerical values although it has not been possible to prove their
equivalence analytically. This shows that the steady-state analysis of the potential functions produces
outgoing progressive waves at the surface and at the interface. The forms of the surface and interface waves
are depicted graphically for different values of the flexural rigidity of the elastic plate and the ring source

being submerged in the lower or upper layer.
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1. INTRODUCTION

Investigation of wave problems in water covered
by a thin sheet of ice modeled as a thin elastic
plate has gained considerable importance due to
two reasons. One is due to investigation of the
mechanism and effects of wave propagation
through Marginal Ice Zone in polar regions while
the other is due to their applications in the
construction of Very Large Floating Structures
like oil storage bases, off-shore pleasure cities,
floating airport runways etc. In a single-layer fluid,
significant ice-wave interaction problems were
considered by Fox and Squire (1994), Squire and
Williams (2008), Feng and Lu (2009) and others.
During winter the Norwegian fjords consisting of a
layer of fresh water on the top of a very deep layer
of salt water are covered by an ice sheet and thus a
two-layer fluid where the upper layer has an ice-
cover becomes a reality. A number of researchers
investigated ice-wave interaction problems in a
two-layer fluid. For example Das and Mandal
(2007), Mohapatra and Bora (2012), Panda and
Martha (2013) and others have analyzed various
types of water wave problems in a two-layer fluid
when the upper layer is covered by a thin sheet of
ice modeled as an elastic plate.

There has been a long standing interest in studying

water wave generation problems by various
disturbances present either on the surface or inside
the water. If a body or a number of bodies are
present in water, waves may be either generated by
the movement of the body, or reflected from the
body. The two cases are identical, and the
resulting motion in the fluid can be described by a
series of singularities placed on the surface of the
body or bodies. These singularities are
characterized by their giving rise to potentials
which are typical singular solutions of Laplace’s
equation in the neighborhood of the singularity.
For the two-dimensional case these singularities
are either of logarithmic type or of multipole type,
and for the three-dimensional case these are point
sources or point multipoles. Many authors have
investigated different types of singularities that
can be used in single-fluid problems. Thorne
(1953), Chowdhury and Mandal (2006), Lu and
Dai (2008) gave surveys of the fundamental line
and point singularities submerged in a single-fluid
of finite or infinite depth. Analysis of fluid motion
due to various types of singularities present in a
two-fluid medium can be found in Gorgui and
Kassem (1978), Yeung and Nguyen (1999), Ten
and Kashiwagi (2004), Manyanga and Duan
(2011) and others.

If an obstacle is in the form of a vertical body of
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revolution having a common vertical axis of
symmetry with the fluid motion, one needs to
consider potential due to submerged horizontal
circular rings of wave sources since the problem
can then be formulated in terms of suitable
distribution of rings of wave sources around the
body. An offshore structure in the high sea for the
purpose of oil prospecting may be modeled as a
vertical cylinder of circular cross section. Hence
consideration of velocity potentials due to
submerged circular rings of wave sources is of
importance (cf. Fenton (1978), Hulme (1981)).
Rhodes-Robinson (1984), Mandal and Kundu
(1987), Chowdhury and Mandal (2004) and
others have investigated the problems of wave
motion generated due to the presence of a ring
source placed in a single-layer fluid when the
upper surface is free or covered by an inertial
surface or thin ice sheet modeled as a thin elastic
plate. Problems dealing with the generation of
internal waves at the surface separating two fluids
due to the presence of a vertical body of
revolution present in either of the fluids can be
formulated in terms of a suitable distribution of
ring of wave sources around the body as is done
for a single fluid. Mandal and Kundu (1988) used
Laplace transform technique to obtain the
velocity potential due to a ring source of time-
dependent strength submerged in one of the fluids
of a two-fluid medium when the upper fluid
extends infinitely upwards, while the lower fluid
is of finite constant depth and the two-fluid
medium separated by an inertial surface
composed of a thin uniform distribution of
disconnected materials. Mandal and Chakrabarti
(1995) investigated the problem of wave motions
generated due to the presence of a ring source
placed in either of the fluids of a two-fluid
medium when the upper fluid is of finite height
above the mean interface and bounded by a free
surface while the lower fluid extend infinitely
downwards.

Here we consider the motion due to a horizontal
ring of wave sources of time-dependent strength
present in either of the fluids of a two-fluid
medium when the upper fluid is of finite height
above the mean interface and bounded by a thin
elastic sheet modeling a thin sheet of ice, while
the lower layer extends infinitely downwards.
The problem is formulated as an initial value
problem for the velocity potentials describing the
motion in the fluids and Laplace transform in
time is employed to solve it. After invoking the
inverse transform, the potential functions are
obtained and  then  their  asymptotic
representations for large time and large distance
are derived. The derivation is carried out
separately for the cases when the ring source is
placed in the lower layer and also when it is
placed in the upper layer. In the asymptotic
representations, the two different coefficients
each for surface and interface wave mode
produce almost the same numerical results
although it has not been possible to prove their
equivalence analytically. This shows that the
steady-state analysis of the potentials produces
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the existence of outgoing progressive waves at
the surface and the interface. The surface and
interface wave profiles are depicted graphically in
a number of figures for different values of the
flexural rigidity of the elastic plate and the ring
source being submerged in the lower or upper
fluid.

2. MATHEMATICAL FORMULATION

We consider the irrotational motion of two
inviscid incompressible fluids with p:; and
p2 (< p1) as the densities of the lower and upper
fluids respectively. The upper fluid is of finite
depth 4 and covered by a thin uniform ice sheet
modeled as a thin elastic plate, while the lower
fluid is infinitely deep. Here we use a cylindrical
coordinate system (R,6,y) in which the y-axis is
taken vertically downwards passing through the
center of the horizontal ring of radius a of
uniformly distributed line sources each of
strength m(t) submerged in either of the fluids at
a depth n below the undisturbed floating thin
elastic plate. Since the strength m(z) does not
depend on 6, the motion of the fluid is
axisymmetric. The plane y = 0 denotes the rest
position of the thin elastic plate and the common
interface of the two fluids is represented by the
horizontal plane y = 4. We assume the motion to
start from rest at the instant when the sources on
the ring simultaneously start operating. Thus the
motion is irrotational and can be described by

potential functions ¢J(-i)(R, y,t), where the

subscripts j = 1,2 refer to the lower and upper
fluids respectively, i = 1,2 are taken for the cases
of ring sources submerged in lower and upper

fluids respectively. Then (I)j(i)’S( j=12) satisfy

the Laplace’s equation

2 .
'C[R’i]+a_ #'=0 1)
except at points on the ring, where

2
rl)-2 1o
OR) 6rR? ROR

If & gi) (R,t) denotes the depression of the upper

surface below its mean position, then the
linearized kinematic and dynamic boundary
conditions on upper surface are given by:

ony=0,
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being the flexural rigidity of the ice-sheet, A/
being the very small thickness of the elastic plate,
p being the density of the ice, £ and v being the
Young’s modulus and Poisson’s ratio of the
material of the elastic plate respectively.

Eliminating £ g) between (2) and (3), we obtain

the boundary condition on the elastic plate as

62 ¢(») 6¢§i) _ DLZ[ 0 ]+1 ¢§i>
2 oy "OR oy
“)
on y=0.

If §l(i)(R,t) denotes the interface surface

depression below the mean position, then the
linearized kinematic and dynamic boundary
conditions at the interface are given by the
following equations:

21’ 0¢l ag] _
oy oy onr=h v
(i) A (1) :
0 i 0 !
P gﬁ _gévl() :?__ggl() ony=h, (6)
where s = 2 .
o)

Eliminating ¢ l(l) between (5) and (6), we obtain
the interface boundary condition as

i e AT L R T L RS
@)
Also condition at large depth is
V) 50 as y oo @®)
At points near the ring
$—>mddy as \(R-a) +(y=n)" >0 (9

where ¢ is ¢1(l) if the ring is in the lower fluid

while ¢ is ¢\?

and ¢ is the potential due to a ring of wave

if the ring is in the upper fluid

sources of constant unit strength in an unbounded
fluid, given by (cf. Hulme (1981))

do = 27| P71 (ka).Jo (KR Y. (10)

3. SOLUTIONS TO THE PROBLEMS

In order to solve the boundary value problem
given by Egs. (1), (4), (5) and (7) — (9), we
employ the Laplace transform technique. Let
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dDS»i)(R, v, p) denote the Laplace transform of

¢J(-i) (R,y.t) defined as

o) (Roy.p)=J; ) (Rt e (p>0), (1)

then ngi) ’s satisfy the BVP described by

{ﬁ[R,ij +i}¢>(?) =0,
OR ayZ J

except at points on the ring,

, (i)
200) _ pr2( g 2 ) 1,071, 0
p @y —{Dﬁ (R,aRJ+1+ < }g > (13)

(12)

ony=0
(I)(i) q)(’)
00y _ 0% on y=h, (14)
oy oy
sl sl
s pzq)(zl) g2 | pzd)gl)—g | as)
oy oy
ony=nh,

V(I)gi)—>0 as y— o, (16)

(R-a)’ +(y-n) -0 (17)

O - M(p)hy as

where O is d)sl) if the ring is in the lower fluid

while @ is CI)(ZZ) if the ring is in the upper fluid
and M(p) is the Laplace transform of m(z).

4. RING SOURCE SUBMERGED IN LOWER
FLUID

We first assume that the ring source is submerged

in the lower fluid and solve the boundary value
problem governed by the Eqgs. (12)-(17). For this

we represent q)(jl) (Ry.p)s(j=12) as
o) (R.y.p)
=M( p)|:¢0 ~27a jo“’e—k(ym)JO (ka)Jy (kR)dk}

17 A e O gy (ka) gy (R ek
(18)

oV (R.y,p)= [ { B (k)coshk(h - y)

()(k)smhky} (})l Jo(KR) k.
(19)
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Here Al(l)(k),Bgl)(k),Cgl)(k) are unknown

functions and are determined by using the
conditions (13) — (15).

The final results after rearrangement take the
forms

o) =m (p)[Ufl) (R +draa(E®)

X{F(pl,pz,a) _ F(Pl’Pz’ﬂ)} (20)

p2+a2 p2+ﬂ2

x cosh khe 171 o (ka)JO(kR)dk},

ol = a( p)[Ugl) (R,y)+47a " ekE(k)
JF(nra) F(n.r.h)
p2+a2 p2+ﬂ2
k(h—1)

xe coshk(h—y)Jo(ka)Jy(kR)dk
- 47mj;° ay(kK)E(k)

X{F(Pbpz,a) _ F(Pvpz’ﬂ)}

p2+(12 p2+ﬂ2

x e sinh kyy (Ka).Jo (kR) dk |,

(21)
where
Ul(l)(R,y) = Zﬂ'a.[; {e_k‘y"l‘ _ e—k(y+77)}

xJo (ka)Jo (KR)dk + 47a f%
m
x cosh khe 171 1o (ka) g, (kR) dik,

(R v = dzgal”_EF_Hhn) _
Uy (R,y)—4ﬂajome ") coshk(h— y)

o a (k)]
xJo(ka)Jy(kR)dk +4rma| |1-—=
o{f)o(4F) L’( my (k)
x ¢ M sinhkyJy (ka)Jo (KR) dk,
ay(k) = sek — (1—s)I'|(k)sinh k#,
ay (k) = by (k){s +(1— s)sinh? kh}
+ (1 -s5)gkT'|(k)cosh kh,
(k)= gk(Dk*+1),  Ty(k)=coshkh+ gksinh kh,
m; (k) = cosh kh{s (sinh kh + gk cosh kh) + T (k)|
my (k) = cosh kh{b; (k) (s cosh kh + sinh k)

+(1-5) gkl (K)},
my (k) = (1—s)gkb,(k)sinh khcosh kh,

m 22 a —aqnm
P PR o
m m anmy
_my(a —my) . by — ekmy 7n="0

amy ’ ek ’ ml’

E(hy=——!

2
F(11,15,v)=1v" +175.
mlaz—ﬁz’ (1’ 2’) ! 2

0 ve
employ Laplace inversion of Egs. (20) and (21).
This gives

In order to obtain the velocity potentials ¢

¢1(1) - m(t)Ul(l)(R,y) +4za [L:o ay(k)E(k)

x{F (p.p2.)1(t,0) = F(py p2. B)I(t. )}
x cosh khe 7y (ka) Jo (kR) dk |,
(22)

A = m(U (R, p) + 47m[ [ ekE)

<{F (71,72, 1(t,0) = F (11,72, 8) (&, )}

x ek cosh k(h — ) (ka) Jo (KR ) dk |
_47m|:j;oa1 (OERF (pr.py.c)1(t.c0)

— F(py.p2.8)1(t. )} e sinh ky
x Jo (ka)Jo (kR)dk |,
(23)

where
1(t,v) = ljt sinv(t — 7)m(z)dr.
pJ0

When the ring source is of time-harmonic
strength, say m(¢) =sinot, the potential functions

¢J(1) have the following forms:

A =sinot(R, )+ 47[01[_[: a (k) E(k)
X {F(plspzaa)s(taa) - F(plﬂpZ’ﬁ)S(t’ﬁ)}
xcosh khe 017, (ka) Jy (kR ) dk |,
(24)
&) =sinoUl) (R, ) + 47za[ [ ek (k)

x<{F (1n.72.0)S(t.a) = F (11,72, 8)S(t. B)}
x k) cosh k(h = y)Jy (ka) Jo (kR) d |
_47m|: j:) () E(K){F (p1. pr.a)S(t.0)
~F(p1.p2.B)S(t. )} e " sinh &y
xJo (ka).Jo (kR)dk |,
(25)
where

vsinot — o sin vt
(o)

To isolate the steady-state term and transient term

S(t,v) =
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in the Egs. (24) and (25), we rewrite ¢§~1) as
¢1(1) =2masin atj(jo{m(l)(k,y)

(1)
M k) Jo(KR) dk
my (k)A(k)

- 47mj(;’° oa (k) E(k)

x<{F(p1,py.a)T(t.c)~F(p1 2. B)T (1. B)}
x cosh khe 1) J o (ka) Jo (KR) dk,
(26)

A = 47msmmj { (k. )
%} o (kR)dk
—4za| " oekE(R){F (11.72,@)T(t,2)
~F (11,72, B)T (¢, B)} "™ cosh k(h - y)
xJo (ka)Jo (KR) dk + 47a j(‘)” cay(kK)E(k)
<{F(p1 pa.a) T(t,0) = F (1. 2. B) T (2. )

x ™M sinh kyJy (ka) Jo (kR)dk,

27
Where
sin vt

—5
(=)

W](l)(k,y) |: ~kly=n| _

T(t,v) =

(y*”)}Jo(ka),
W) (k.y) = e sinh ky,
X k) =L (k)T () ()7 4]
xe K011 1 (ka),
2 (k.2) =L (F)Ta(4) (k) () ]
xsinh ky.Jo (ka) +|:m1 (k){Kk(Dk“ +1)}
—ay ()T ()] coshk (- ) Jo ka).
[y (k) =k (1-5)(Dk* +1- 2K )sinh khcosh kh
+KDK® (sinh? kh — s cosh? ki) ~ Kk,

T5(k) = K* (kse +1)cosh® kh + K* (s + ke )
xsinh kA cosh kh,

A(K) = Ks{k(DE* +1- 2K |cosh b~ K sinh k|
~{k(1-5) —K}{k(Dk“ +1-2K )sinh kh
—Kcoshkh},

(28)

In order to find the expressions in the steady-state

1051

from the Egs. (26) and (27), we now introduce
Cauchy principal values at &k = Ai,h2 (M < A2)
which are the only real positive roots of A(k) = 0.
Also, this dispersion equation has one negative
real root and four complex roots in the four
quadrants of the complex k-plane (cf. Das and
Mandal (2007)). Hence as ¢t — oo, using the
Riemann Lebesgue lemma, we obtain

(1)
(1) B . 0 (1) _ M
-zl 200

xJo (kR)dk —4x acosaz{ ()+ (4.y)

Jo(aR)+ NV (23.%)J, (AQR)},
(29)

¢£) 47rasmo7j{ 1)(ky)

X (k.y)

——2 2704 (KR)dk 47
ml(k)A(k)COShkh} 0( ) 7T acosot

AT (bt o) (2l )

(30)

Pl(l) (k,y)= +2{(m2 +x/—)(a2m1 —aym,)
+2myms3 (ay — }cosh khe y+777h),
H+( ) 2\/—(m1m2 myn,
o (k,y)= 22| (my £ L ){(bym = ohomy )
xcoshk(h—y)—(aym —aym, )sinh ky}

m )
)£

(mL'—2miL),

+2m§ {Ekekh coshk(h - y)

—(a - ml)sinhky}}fk'7
In Egs. (29) and (30) the integrals are in the sense of

Cauchy principal value. Now to investigate the
behavior of these integrals for large R, we put

2Jo(kR) = H(()l) (kR)+ H(()z) (kR)and rotate the
contour in the complex k-plane for the integral
involving H (()l) (kR) in the first quadrant and for the
HP(R)  in

fourth quadrant. For large R one must include
the residue terms at £ = A; and k£ = A2, because

integral involving the
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all other contributions to the integrals
will be exponentially small. Thus as R — oo, we find

2

¢1(1) =47’

{Gl(l)(/lls)’)SinO't
xsin(ﬂ.lR —%j +N1(1)+ (ﬂl,y)COSO't
( ”j} 2 \/T
xcos| 4ZR—— |r—4n“as
4 7R
X{Gl(l)(ﬂa,y)sinO'ZSin(ﬂgR—%)
N1(1)7 (A,Z,y)cosatCOS(ﬂQR —%J}’

2 (1) .
—4r? —{G A, y)sinot
a, R\ (47)

xsin(ﬂ.lR —%j -ﬁ-Ngl)Jr (/’Ll,y)COSO't
( ”j} 2 2
xCos /11R__ —4r°q |——
4 7R
X{Gél)(ﬂa,y)sinatsin(AQR—%)

Ngf (ﬂ,z,y)cos GtCOS(ﬂgR —%}},

€2))

A -

(32)

®
Wp oy X1 (k)
KRNI O)
(1)
Ggl)(k,y): XZ (k’y)

my (k)A'(k)coshkh’
.

We expect that Gﬁl)(ﬂl,y)zN/) (4,») and

W (2s0) = M (2,0)(j =1,2). 1t difficult

to prove analytically. However that these are the
same can be shown numerically. For this purpose
we present in Table 1 and Table 2 the numerical

+
values of Ggl),Nﬁl) (j:1,2) for a
representative set of values of different
parameters (e.g. K = 0.4
2 o001, 2oos, k=1, To1s, 2202
h nt h h
for which 41 = 0.84 and 4> = 2.3463) and a set of

values of y. From these tables, it is obvious that
(1) _ N0

Gy (A:) =Ny (4.9)
G\ N
Gj (42.7) = N

values of the different parameters s, % etc. and y,

(I

the numerical values of Gﬁl) and N b

and

(/12, y).In fact for other

for

surface wave mode A1 and Gs»l) and Nﬁ-l)i for

interface wave mode A are seen to be the same.
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Thus, in the far-field after a long time, the
potentials

¢(~1) behave as outgoing waves given by

—p azq, \/7 V(2.y)

xcos[/‘il»R—at—zj,
4

(33)

Table 1 Numerical values of
+
Ggl)(ﬂi, y)= Nil) (41.y) for aset of of values

of ¥

A =0.84 A2 =2.3463

- -
v O | N | N

0.0910 | 0.0910 | 0.3753 | 0.3753

0.0769 | 0.0769 | 0.2347 | 0.2347

0.0650 | 0.0650 | 0.1468 | 0.1468

0.0550 | 0.0550 | 0.0918 | 0.0918

| | | ]

0.0465 | 0.0465 | 0.0574 | 0.0574

I of ] | i

0.0427 | 0.0427 | 0.0454 | 0.0454

Table 2 Numerical values of

Ggl)(ﬂg,y)= Ng (4,.y) for aset of of
valuesof y
A =0.84 A2 =2.3463

y Gél) N£1)+ GS) Ngl)"
0.1 0.2416 | 0.2416 | -0.0962 -0.0962
0.3 | 0.2061 | 0.2061 -0.1166 -0.1166
0.5 | 0.1765 | 0.1765 | -0.1632 -0.1632
0.7 | 0.1518 | 0.1518 -0.2464 -0.2464
0.8 | 0.1411 | 0.1411 -0.3071 -0.3071
09 | 0.1314 | 0.1314 | -0.3848 -0.3848

where g1 =1 and g2 =5, and

2
V——artay, M’L_RGS) (%:»)
i=1

(34)
xcos(/liR —ot —EJ.
4

5. RING SOURCE SUBMERGED IN UPPER
FLUID

(2)

In this section we find the velocity potentials ¢ )}

(j = 1,2) due to a ring source submerged in the
upper fluid and examine its behavior at the steady-
state at a large distance from the center of the ring.

A solution for (I)(jz) (R,y,p) ’s (j = 1,2) can be

represented as

-7 AP (o)™ O 1 (ka)Jo (kR)dk. (35)

CD( )= M(p)[qﬁo 27m.|- e k) g o(ka)

x Jo (kR)dk ] + j { )(k)coshk(h—y) (36)

Jo(ka)

+ P wysin hky} SO o Rk
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The functions A2 (k)8 k), k) are
unknown and are determined by using the
conditions (13) — (15). These functions when
substituted into the Eqgs. (35) and (36) produce

ol = m( p)[Ul(z) (R,)+4zas [ "y (k) ECK)

X{F(O;lao'z,za) ) F(czl,az,zm}e_k(y_h) a7
P +a P +p
x Jo(ka)Jo(kR)dk |,

o) = i p)[ng)(R, ¥+ 4zaf? dy(K)Eh)

x F(§IS§27a)_F(517§25ﬂ)
2 2 2 2
p ta p+p
coshk(h—y)
———=Jy(ka)J o (kR)dk
* coshkh o(ka) o (kR)

© F(oy,05,a
—4zxas jo ¢ (k)E(k){%
p (04

_ F(01,09,B) | sinhky
p2 " /32 } T Jo(ka)JO(kR)dkl,

(38)
where
(2) _ © k) k(y-n)
U™ (R,y) 47ras_[0 ml(k)e
xJ o (ka)J o (kR)dk,

R A ]

xJo(ka)Jo(kR)dk + 47a L;" Zl ((]1?)
1

N coshk(h—y)
cosh kh

+47mj§0 {ekh sinhkn —s ﬂ}

Jo(ka)Jo(kR)dk

my (k)
sinh ky
coshkh

¢ (k) = cosh kh(sinh k7 + gk cosh kr7),

¢y (k) = gh(Dk* +1)cosh khcosh k7,
d\(k)=¢k {cosh k(h—mn)(ssinh kh + cosh kh)

X

Jo(ka)Jo(kR)dk,

—ssinh k77} s

dy (k)= gk[(Dk4 + 1){cosh k(h—m)(ssinhkh
+cosh kh) —ssinh kn} +ek(1-5)
xcosh khcosh k(h— 77)],

dy(k) = (1 - 5)g*k*(DIk* +1)cosh khcosh k(h —1),

_Gm —aqm o, =
b 2
am m
5 = dymy —dymy 5y = dymy —dym
dymy dymy
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To determine the potentials due to a source of
time-harmonic  strength, we take Laplace
inversion of (37) and (38) and then substitute
m(t) = sinot. This yields

A2 =sino P (R, y) + 4nas[j§° a(k)E(k)

< {F(01,0,0)S(t,) ~ F(01,05, /S, B)}
« e‘k(y_h)JO(ka)Jo(kR)dk},
(39)

—

A = sinotU P (R, )+ 47m[ [ (0E®R)

x{F(8),6,,a)S(t,@) = F(8,65, B)S(1, )}
“ coshk(h—y)

Jo(ka)Jy(kR)dk
cosh kh o(ka) o (kR) }

_ 47ras|: j0°° A(WE(k){F(o1,04,0)S(t,a)

inh
- F(al,az,ﬂ)sa,m}z‘o’;TZ

x Jo(ka)Jo(kR)dk |.
(40)

Using Riemann Lebesgue lemma and rotating the
contour in an appropriate manner as has been
done in section 4, we find that for large R and

large ¢ the potentials ¢§-2) ’s (j = 1,2) have the

following representations:

¢1(2) = ‘4”2‘”\} zrle {Gl(z)(ﬂ«py)sinw

N
xsin(4,R — %) + MY (4, p)cosor

x cos(4 R —%)} —47’%as /EZR {Gl(z)(ﬂQaY)

xsinotsin(A,R —%) + Nl(z)_ (4,y)cosot

7
xcos(AHR _Z)}’

A7) = —4”2“\j mle {ng)(imsin ot

N
xsin(4,R —%) + N (4, p)cosor

(41)

2
R

xsinotsin(4,R — %) + Ngz)_ (4, y)cosot

x cos(4R — %)} —47%a {ng)(ﬂ/z’y)

V4
xcos(HR _Z)}’
(42)

where
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+

(2

() B (ky)
Nk, y) = L—"" g (ka),
1 (k) P o(ka)
+ (2)°
N &, ):Qz (k)

Jo(ka),
oy o(ka)

Pl(z)_ (k,y)= ﬁ{(’"z +L)(cymy —cymy)

+2c;myms } e kO,

O (k) =42 (my £ {(dym; ~ dyms)

x coshk(h— y) —s(cym —cymy)sinh ky}
+2my { (dyms — dymy) coshk(h - )

— s¢my sinh ky}},
)
Xk,
Gl(z)(k,y) = —IA,((k)y) ,
(2)
(2) __ XNk
O )= Ak )cosh

X k) = Ty (e 0P (ha,
X2k ) = —sm (0T (D)sinh Ty (ka)
+[{Ts(k)(Ks cosh kch — ksinh i

+hssinh kh + K sinh k) — K> ré(k)}
xd, (k) — k(1= s)T's(k)T'g (k) cosh kh
xcosh k(h—1)—k*es(1—s)Ts (k) cosh kh
xcoshkn + Kk(Dk* + 1)['(k){Tg (k)
xcosh k(h— 1)~ ssinhkr} Jcosh k(h - y)
Jo(ka),

I, (k) = K {~K sinhkz + T's(k)coshkn},

s (k) = k(Dk* +1-£K),
I'¢(k) = (ssinh kh + cosh kh).

As in section 4, here also, it can be shown

numerically that G§-2) (ﬂl,y)=N§-2) (4,y) and

2 2) .
G = NP (o) =12
Thus, in the far-field after a long time, the
potentials ¢J(2) behave as outgoing waves given
by

(O _ 4203 [ 26
4 =—4r asz G (4,)
o\ R 43)

xcos( 4R — ot — %),

Q_ 2% 2 2
#7) =-4r2ay Gy (34 y)
2 o\ AR 2 (44)

xcos( 4R — ot - %).

6. SURFACE WAVES AND INTERFACE
WAVES

In this section we present the upper surface
profile and the interface profile at the steady-
state. For this, we observe that the displacements
at these surfaces are related to the potential
functions as

0 2 ,
%(R,t) - %Re{g—3 I(;ai¢2(’)(R,0,r)dr},
o3 0oy

(0) 2 “3)
S (Ri)=LRe £ j’iqﬁl"’)(k,h,f)dr
h Ko o3 0ay

When the ring source is submerged in the lower
fluid, Fig. 1 depicts the surface displacement and
the interface displacement for the surface wave

. . R
mode and the interface wave mode against %

for fixed s = 0.4 %

24: 0.01, Kh=1, ot=50.From these figures
h

we notice that for the surface wave mode, the
amplitude of the surface waves is greater than
that of the interface waves, and both the surface
and interface waves are in phase. On the contrary,
for the interface wave mode, the amplitude of the
surface waves is smaller than that of the interface
waves, and the surface and interface waves are
180° out of the phase. When ring source is
submerged in the upper fluid, Fig. 2 depicts the
surface displacement and interface displacement
for the surface wave mode and the interface wave

mode against % for fixed s = 0.4,%:0.01,

1 _0s, 2=022 001, Kh=1, or=50.

h h ht

The curves are somewhat similar to those for ring
source submerged in lower fluid and dis-play the
same characteristics.

To display the effect of the flexural rigidity of the
elastic plate on the wave motion generated due to
the presence of a ring source in the lower fluid,
O]
the dimensionless interface displacement 4,7
é’(l)
and the surface displacement # for surface

wave mode and interface wave mode are
presented graphically against % in Figs. 3 and 4
respectively. For plotting all the graphs in these

two figures we choose s = 0.4,%:0.01,

=3

a D
=15, —=0.2, Kh=1, ot=50and vary —
h & K

as %: 2,1,0.5. It is observed from Fig. 3 that
h

for surface wave mode, the wave amplitude of the
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interface wave increases with the decreasing

values of

- However, for interface wave
h
mode, no variation in the interface wave profile is
noticed. This is in contrast to the surface wave
profile where the amplitude of the surface wave is

seen to increase with the decreasing values of

irrespective of surface / interface wave

n
modes (see Fig. 4).

To analyze the effect of the flexural rigidity of
the elastic plate on the wave motion generated
due to the presence of a ring source in the upper
fluid, the dimensionless interface displacement

c@ P
IT and surface displacement 27 for surface

wave mode and interface wave mode are
presented graphically in Figs. 5 and 6. The graphs
in these figures display the same characteristics
as those in Figs. 3 and 4. Wave amplitudes of the
surface and the interface waves for the surface
wave mode due to a ring source placed in the
upper fluid are slightly large compared to those
generated by the source when it is situated in the
lower fluid. On the contrary, for the interface
wave mode, the amplitudes of the surface and the
interface waves due to a ring source in upper
fluid are less than those due to a ring source
placed in the lower fluid.

05

03 [\\
0z * N
0.1 ///\\ / \
o
0.1 ‘(

|

02 \

03

06

= = = ({"ih=Intertace wave

06

& ih=surtace wave

04} | I h

02 [

|
oal 1 V1o
04|

06 \

08"

Rih

(b) Interface wave mode
Fig. 1. Ring sour ce submerged in lower fluid:
surface wave (é’él) / h) and interface wave

(&M / h) against R/h for fixed s= 0.4

Z_oo1, To1s, C02.2 Zo001 Kn=1,
h h h e
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7. CONCLUSION

The velocity potentials due to a submerged
horizontal ring of wave sources of time-
dependent strength present in either of the fluids
of a two-fluid medium are obtained when the
upper layer is of finite height above the mean
interface and bounded by a thin

~ (Pm=Intertace wave

Pm=surtace wave | |

R/h

— — — Pih-Interiace wave

P =surtace wave

. —

(b) Interface wave mode

Fig. 2. Ring sour ce submerged in upper fluid:
surface wave (4’52) / h) and interface wave

(&? /) against R/ h for fixed s= 0.4,

Z_001, Toos, “202. L o001 kn=t,
h A h W
ot =50.

elastic plate modeling a thin floating sheet of ice,
while the lower layer extends infinitely
downwards. The asymptotic representations of
the wave motions for large time and large
distance are derived for the case when the ring
source is placed in the lower layer and also when
it is placed in the upper layer. In these asymptotic
representations, the two different coefficients for
surface wave mode produce almost the same
numerical results although it is difficult to prove
their equivalence analytically. The same
comment applies to the two different coefficients
for interface wave mode. This shows that in the
steady-state analysis, the potentials provide the
existence of outgoing progressive waves. The
dimensionless surface and interface wave
displacements are depicted graphically for both
the wave modes. It has been observed that for the
surface wave mode, the amplitude of the surface
waves is greater than that of the interface waves,
and both the surface and interface waves are in
phase. On the contrary, for the interface wave
mode, the amplitude of the surface waves is



N. Islam et al. / JAFM, Vol. 11, No. 4, pp. 1047-1057, 2018.

008
D=
006 om'=1
== —Dm*=05
004t oy
3 / 0 3
B i
002 F H Pospd Tyt / :}(\
= H /V'\\ I~
& . ) % AR
- G N At
\\-\/r.' \/i: \/
- s L] 4
| : b : 4
y |5 17 %
~ 3 P 2 v 7
i . N,
o7
0.04 1 V
Ay
~
8L L . " .
o 10 15 20 25
Rih
(a) Surface wave mode
D=2

Rih

(b) Interface wave mode
Fig. 3. Ring sour ce submerged in lower fluid:

plot of interface wave ((1(1) /h) against R/ h

for fixed s= 0.4, %: 0.01, %: 15,

%:o.z, Kh=1, ot =50.

&

R

&hm

)
e e

Rh
(b) Interface wave mode
Fig. 4. Ring sour ce submerged in lower fluid:

plot of surface wave (g“él) / h) against R/h for

fixed s= 04, £ =001, L=15,
A h

%:o.z, Kh=1, ot =>50.
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s

(a) Surface wave mode

Dhé=2

A2

1

(b) Interface wave mode

Fig. 5. Ring source submerged in upper fluid:
plot of interface wave ({1(2) / h) against R/h

for fixed s= 0.4, %: 0.01, %: 0.5,

02
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015
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o 5 10 15 20 25
R/
(a) Surface wave mode
3
252
"‘ D=2
s " | * D=t
| — ——om*-08) |
<

(b) Interface wave mode
Fig. 6. Ring sour ce submerged in upper fluid:

plot of surface wave ((52) / h) against R/h for

fixed s= 0.4, < =0.01, L =05,
) h

%:0.2, Kh=1, ot=>50.
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smaller than that of the interface waves, and the
surface and interface waves are 180° out of phase.
Surface and interface waves are presented
graphically for different values of the flexural
rigidity of the elastic plate for both the wave
modes. It is observed that for surface wave mode
the wave amplitudes of the surface and interface

. . . D
waves increase with the decreasing values of —
h

and for interface wave mode the wave amplitudes
of the interface waves are the same but the
amplitude of the surface wave increases with the

. D
decreasing values of —-
h

REFERENCES

Das, D. and B. N. Mandal (2007). Wave
scattering by a horizontal circular cylinder
in a two-layer fluid with an ice-cover.
International ~ Journal of Engineering
Science 45(10), 842-872.

Feng, X. and D. Q. Lu (2009). An optimization of
eigenfunction expansion method for the
interaction of water waves with an elastic
plate. Journal of Hydrodynamics, Ser. B
21(4), 526-530.

Fenton, J. D. (1978). Wave forces on vertical
bodies of revolution. Journal of Fluid
Mechanics 85(2), 241-255.

Fox, C. and V. A. Squire (1994). On the oblique
reflexion and transmission of ocean waves
at shore fast sea ice. Philosophical Trans-
actions of the Royal Society of London A:
Mathematical, Physical and Engineering
Sciences 347(1682), 185-218.

Gayen, R. and B. N. Mandal (2004). Motion due
to ring source in ice-covered water.
International  Journal of Engineering
Science 42, 1645—-1654.

Gayen, R. and B. N. Mandal (2006). Motion due
to fundamental singularities in finite depth
water with an elastic solid cover. Fluid
Dynamics Research 38(4), 224-240.

Gorgui, M. A. and S. E. Kassem (1978). Basic
singularities in the theory of internal wave.
The Quarterly Journal of Mechanics and
Applied Mathematics 31(1), 31-48.

Hulme, A. (1981). The potential of a horizontal
ring of wave sources in a fluid with a free
surface. Proceedings of the Royal Society
of London A: Mathematical, Physical and
Engineering Sciences 375(1761), 295-305.

Lu, D. Q. and S. Q. Dai (2008). Flexural-and

1057

capillary-gravity waves due to fundamental
singularities in an inviscid fluid of finite
depth. International Journal of Engineering
Science 46(11), 1183—1193.

Mandal, B. N. and K. Kundu (1987). Ring source
potentials in a fluid with an inertial surface
in the presence of surface tension.
International Journal of Engineering
Science 25(11-12), 1383-1386.

Mandal, B. N. and K. Kundu (1988). Ring source
potentials in two superposed fluids
separated by an inertial  surface.
International Journal of Mathematics and
Mathematical Sciences 11(3), 535-541.

Mandal, B. N. and R. N. Chakrabarti (1995).
Potential due to a horizontal ring of wave
sources in a two-fluid medium.
Proceedings of the Indian National Science
Academy 61, 433439,

Manyanga, D. and W. Duan (2011). Green
functions with pulsating sources in a two-
layer fluid of finite depth. China Ocean
Engineering 25(4), 609-624.

Mohapatra, S. and S. N. Bora (2012). Exciting
forces due to interaction of water waves
with a submerged sphere in an ice-covered
two-layer fluid of finite depth. Applied
Ocean Research 34, 187-197.

Panda, S. and S. C. Martha (2013). Interaction of
water waves with small undulations on a
porous bed in a two-layer ice-covered fluid.
Journal of Marine Science and Application
12(4), 381-392.

Rhodes-Robinson, P. F. (1984). On the
generation of water waves at an inertial
surface. The Journal of the Australian
Mathematical Society. Series B. Applied
Mathematics 25(03), 366-383.

Squire, V. A. and T. D. Williams (2008). Wave

propagation across sea-ice thickness
changes. Ocean Modelling 21(1), 1-11.
Ten, I and M. Kashiwagi (2004).

Hydrodynamics of a body floating in a two-
layer fluid of finite depth, part 1: radiation
problem. Journal of Marine Science and
Technology 9(3), 127-141.

Thorne, R. C. (1953). Multipole expansions in the
theory of surface waves. Mathematical
Proceedings of the Cambridge
Philosophical Society 49(04), 707-716.

Yeung, R. and T. Nguyen (1999). Waves
generated by a moving source in a two-
layer ocean of finite depth. Journal of
Engineering Mathematics 35(1), 85-107.



