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ABSTRACT 

In this paper, the effect of γ-Al2O3/water nanofluid on the flow pattern and natural convection heat transfer of 

corrugated ⅂ shaped cavity is investigated numerically by the Lattice Boltzmann Method (LBM). The effects 

of nanoparticles solid volume fraction (ϕ=0-0.006), Rayleigh number (Ra=103-106) and the aspect ratio of 

grooves cavity (h/H=0.05-0.15) on the streamlines, isotherms and averaged Nusselt number have been 

examined. In addition, a comparison between γ-Al2O3/water nanofluid and MWCNT-Fe3O4/Water Hybrid 

Nanofluid on the average Nusselt number are studied. The results showed that the heat transfer rate of γ-

Al2O3/water nanofluid is higher than water. For all Rayleigh numbers and solid volume fraction of 

nanoparticles, increasing the height of grooves leads to an increment in average Nusselt number. Moreover, 

when the Rayleigh number reaches to 106, the average Nusselt number increases, which the domain 

mechanism of heat transfer, in this case, becomes convection. As to be expected, the influence of MWCNT-

Fe3O4/Water Hybrid Nanofluid on heat transfer rate is higher than the γ-Al2O3/water nanofluid. 

Keywords: Al2O3/water nanofluid; ┐ Shaped cavity; Grooves; LBM. 

NOMENCLATURE 

AR cavity aspect ratio 

cs speed of sound 

cp specific heat at constant pressure 

d length of corrugates 

e streaming speed for single-particle 

F external force 

f density distribution function 

feq equilibrium density distribution function 

g energy distribution function 

geq equilibrium energy distribution function 

H height of the cavity 

h height of corrugates 

k thermal conductivity 

L length of the cavity 

s width of the fin 

M number of lattices 

Ma Mach number 

Nu Nusselt number  

nf nanofluid 

p nanoparticle 

P dimensional pressure 

Pr Prandtl number 

Ra Rayleigh number 

T dimensional temperature 

t time 

w wall 

Subscripts 

c cold 

f base fluid 

h hot 

i move direction of single-particle 

U,V dimensionless velocity components 

u,v velocity components 

u velocity vector

X,Y dimensionless Cartesian coordinates 

x,y Cartesian coordinates 

W width of the cavity 

w weight function 

α thermal diffusivity 

β thermal expansion coefficient 

μ dynamic viscosity 

ϕ volume fraction of particle 
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θ dimensionless temperature 

 t lattice time 

 x lattice spacing 

 y lattice spacing 

ρ density of the fluid 

τg dimensionless single heat relaxation time 

τν dimensionless single flow relaxation time 

 

 
 

1. INTRODUCTION 

Over the years, common fluids such as water or oil 

were chosen as a heat transfer working fluid in 

industrial systems. Because of low heat transfer rate 

of these fluids due to the low thermal conductivity 

of them, scientists and researchers looked for a 

better fluid for this application (Izadi et al. 2018a; 

Izadi et al.  2018b). One of the methods that have 

been chosen to increase the heat transfer rate is 

adding nano-sized particles in normal fluids 

(Maxwell, 1873). These nano-sized particles have a 

size range from 1nm to 10 nm. (Nazari et al., 2013; 

Mohebbi, Nazari et al., 2016; Mohebbi, Heidari et 

al., 2017), which Nanofluids developed in 1995 

(Choi et al., 1995), and used in scientific and 

industrial applications such as electronic 

engineering system, solar energy collection, heat 

generating components of computers, etc, which 

consist of enclosures by heating and cooling 

components. Sometimes, the surfaces of these 

enclosures are roughened by roughness elements. 

Many researchers investigated the fluid flow and 

heat transfer in enclosures. Khanafer et al. (2003) 

compared different models together concerning the 

physical properties of nanofluid. Abu-Nadaa and 

Chamkha (2010) conducted a study to consider the 

mixed convection heat transfer of water-aluminum 

oxide nanofluid in an inclined cavity. They 

concluded the presence of nanoparticles has the 

significant effect on increasing the heat transfer. In 

besides, heat transfer enhancement in different 

Richardson and Grashof numbers were found in 

their results. 

The LBM, which introduced 30 years ago, has 

achieved great success in simulating physics in 

fluids and heat transfer problems (Ma, Mohebbi et 

al., 2018) by simple and complex geometry (Hu, Li, 

Shu et al., 2017; Qi  Wang, Yang, et al., 2017; 

Krüger, Kusumaatmaja, Kuzmin, et al., 2017; Chen, 

Doolen, 1998). This method is used for simulating 

single and multiphase fluids flow. Natural 

convection of the water-SiO2 nanofluid in close 

enclosures examined by Kefayati et al. (2011) using 

the LBM. Freidoonimehr et al. (2015)'s study 

showed that Al and Cu nanoparticles have the 

largest and lowest heat transfer rates. 

The nanofluid study of natural convection heat 

transfer inside a cavity was utilized by Fattahi et al. 

(2012). They found that heat transfer rate increases 

by increasing solid particle volume fraction for all 

Rayleigh numbers. Abouei Mehrizi et al. (2012) 

studied the mixed convection heat transfer in a 

ventilated cavity with a hot obstacle. The study of 

nanofluid performed by Mohebbi and Rashidi 

(2017) in an L-shaped cavity with a hot obstacle. 

They found by increasing the Rayleigh number and 

solid volume fraction, the Nusselt number increase. 

Recently, Ma et al. (2019) have studied U-shaped 

enclosure for natural convection heat transfer. 

By reviewing the previous studies, it can be 

concluded that there is no study on the effect of γ-

Al2O3/water nanofluid on natural convection heat 

transfer of corrugated ⅂ -shaped cavity. Therefore, 

for understanding the mechanisms of the natural 

convection heat transfer in the cavity with different 

height of grooves for the more efficient design of 

cooling systems in electronic equipment, the present 

study is urgent. Also, the influence of the various 

Rayleigh numbers and different solid volume 

fractions of two types of nanofluid have been 

examined using LBM. 

2. MATHEMATICS OF THE PROBLEM 

In this study, the two-dimensional laminar, 

incompressible, steady and Newtonian natural 

convection nanofluid flow and heat transfer in the ⅂  

shape corrugated enclosure studied numerically by 

LBM. The length and height of this cavity are 

L=H=1 respectively, as shown in Fig. 1. The cavity 

aspect ratio is AR=W/H=0.3 which W indicates the 

width of the cavity. The height and length of 

corrugates are h and d respectively. So that, ratio of 

d/H is fixed at 0.1, and h/H are 0.05, 0.1 and 0.15. 

 

 
Fig. 1. Schematic of problem. 

 

As displayed in Fig. 1, the up and right walls of the 

cavity are kept at constant temperature Tc=0 °C, and 

the down and left walls are at TH=1 °C, while other 

cavity walls are adiabatic. The cavity saturated with 

aluminum oxide γ-Al2O3-water nanofluid. In 

addition, the effect of MWCNT-Fe3O4/water hybrid 

nanofluid is studied. In this paper, the following 

limitations are identified as: 

- Radiation does not influence the flow field and 

heat transfer. 

 - There is a thermal equilibrium between the solid 

nanoparticles and the base fluid.  
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Table 1 Thermo-physical properties of γ-Al2O3/water nanofluid for different volume fraction. (Bayomy 

et al., 2017) 

Volume fraction T (°C) ρnf (Kg.m-3) knf (W.m-1.K-1) μnf (mp.s) Cp nf (J.Kg-1.K-1) Pr 

φ=0.0 (host fluid) 20 998.2 0.613 0.001002 4182 6.8358303 

φ=0.001 20 1000.802 0.614817 0.001007 4169.70865 6.8306128 

φ=0.003 20 1006.005 0.618523 0.001019 4145.31669 6.8281311 

φ=0.006 20 1013.811 0.624262 0.00104 4109.19825 6.84356 

 

 

 - There are no thermal dissipations due to viscous 

or magnetic forces within the nanofluid. 

 -  The density changes are estimated by Boussinesq 

model. 

The dimensional governing equations are as the 

follows: 
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Also, the non-dimensional parameters can be found 

as followings: 
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Combination of the above parameters and Eqs. (1)–

(4) the following dimensionless equations found: 
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Also, the non-dimensional boundary conditions are 

as follow: 

 all walls: 0

 hot walls:  1

 cold walls:  0

 adiabatic walls:  / 0

on U V

on

on

on n














 



 





                           (10) 

2.1 Thermophysical Properties of the 

Nanofluid 

Tables 1 to 3 show the characteristics of different 

phases. For description the thermophysical 

properties of nanofluids, the following equations are 

used (Mohebbi, Lakzayi et al. (2018), Mohebbi, 

Rashidi et al. (2018): 

The density of the nanofluid is: 

 1nf f s                                      (11) 

where  is the solid volume fraction of the 

nanoparticles and f, nf and p are represented 

the base fluid, nanofluid and nanoparticles, 

respectively. The heat capacity and volume 

expansion coefficient of the nanofluid are: 

      1p p pnf f p
c c c                  (12) 

      1
nf f p

                      (13) 

The thermal diffusivity nf and Prandtl number 

of nanofluid are as: 

 
nf

nf

p nf

k

c



                                               (14) 

 
Pr

p nf
nf

nf

c

k


       (15) 

The dynamic viscosity of the γ-Al2O3-water 

nanofluid defines by (Bayomy and Saghir, 2017): 

21 4.93 222.4nf

f


 


         (16) 
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Table 2 Thermo-physical properties of carbon nanotube-Fe3O4 hybrid nanofluid for different volume 

fraction and temperatures. (Sundar et al., 2014) 

Volume fraction T (°C) ρnf (Kg.m-3) knf (W.m-1.K-1) μnf (mp.s) Cp nf (J.Kg-1.K-1) Pr 

φ=0.0 (host fluid) 20 998.5 0.602 0.79 4182 5.5 

φ=0.001 20 1002.34 0.6734 0.91 4182.66 5.64 

φ=0.003 20 1010.04 0.6856 1.01 4183.99. 6.10 

 

 

Table 3 Thermophysical properties of γ-Al2O3, Fe3O4 and MWCNT  

property dp (nm) ρ(kgm-3) cp(Jkg-1k-1) k (wm-1k-1) β (k-1) 

γ‑ Al2O3 50 3600 765 40 8.46×10-6 

Fe3O4 30 5810 670 6 1.3×10-5 

MWCNT 30 2100 711 3000 4.2×10-5 
 

 

For the nanofluid's heat conductivity coefficient the 

following used: 

21 2.944 19.672nf

f

k

k
           (17) 

For dynamic viscosity and nanofluid's heat 

conductivity coefficient of MWCNT-Fe3O4/water 

hybrid nanofluid please refer to (Sundar et al., 

2014). 

2.2 LBM 

The LBM with D2Q9 standard has been employed 

for solving the present problem (Nazari et al. 2014). 

The lattice Boltzmann equation (LBE) with the 

external forces can be written as: 

   

   

 

e , ,

1
, ,

e     0,1,...,8

i i i

eq
i i

i i

f x t t t f x t

f x t f x t

t F i



 



   

   
 

   

                     (18) 

where f is the density distribution function and ∆t is 

the lattice time. The force term Fi defined by: 

 3i i y mF w g T T                            (19) 

where ρ, gy, β and T are the local density, 

gravitational acceleration, thermal expansion 

coefficient and the local temperature, respectively 

and the average temperature is   2m h cT T T  . 

The relaxation time for the flow field, τν can be 

defined as (Ma et al. 2018): 

2
0.5

s

t
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                                         (20) 

where ν is the kinematic viscosity and the 

equilibrium distribution function, fi
eq, defined by: 
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The value of weight function wi are w0=4/9, wi=1/9 

for i=1 to 4 and wi=1/36 for i=5 to 8. The 

macroscopic values such as ρ, ρu, found by: 

8

0

i

i

f


                                    (22) 

8

0

u ei if                 (23) 

For the thermal field by definition the g as the 

energy distribution function, the LBE is: 
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where the relaxation time τg found by: 

  2

3
0.5g

p f

k

c c t


 
                                     (25) 

and the equilibrium energy distribution function, 

gi
eq can be given as the following: 

2
1 3

eq i
ii

e u
g w T

c

 
  

 
  (26) 

where the value of T is: 

 
8

0

    0,1,...,8i

i

T g i



                          (27) 

Also, the viscosity is calculated by fixing the Mach 

number Ma=0.1, the number of lattices in the y-

direction M, Rayleigh number and Prandtl number as: 
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Table 4 Grid study: ϕ=0.006, h/H=0.1, Ra=104 

Grid number 61×61 81×81 101×101 121×121 

Nuavg 3.7128 3.6576 3.5105 3.5049 

Percentage of error (Nunew-Nuold)×100/Nunew  1.5091 4.1902 0.1597 

 

 
2 2 2Pr sMa M c

Ra
                                  (28) 

The local Nusselt number on the hot walls is: 

nf

f

k
Nu

k n


 


                                              (29) 

So that, the averaged Nusselt number is obtained by 

integrating along the hot walls. For all the walls, the 

Bounce-back scheme has been used (Zou et al., 

1997; Inamuro, 1995). (Mohammad, 2011)’s 

method used for hot, cold and adiabatic boundary 

conditions. 

3. GRID INDEPENDENCY AND CODE 

VALIDATION 

Table 4 shows the grid-independence test for four 

different grid study. The average Nusselt number 

for these meshes indicated that there is a little 

relative error (0.1597 percentage) between the grid 

sizes 101×101 and 121×121. Hence, the 101×101 

grid size is appropriate for this study. 

In order to test the validity of the present code, a 

comparison done against the work of Nithiarasu et 

al. (1998) within a ⅂ shaped cavity as shown in 

Figs. 2 and 3. The results indicate that the present 

code is accurate for this study. 

4. RESULTS AND DISCUSSION 

Fluid flow and heat transfer inside a corrugated ┐ 

shaped cavity filled with γ-Al2O3/water nanofluid 

are studied using LBM. The effect of aspect ratio of 

grooves on flow pattern and heat transfer 

characteristics is examined for Rayleigh number 

between 103 and 106, the height of grooves between 

0.05H to 0.15H, nanoparticle volume fraction 

between 0 and 0.06 and for two kinds of the 

nanoparticle. 

Figures 4 and 5 show the effect of adding 

nanofluid in the base fluid on streamlines and 

isotherms at h/H=0.1 for different Rayleigh 

numbers, respectively. As shown in Fig. 4, at 

Ra=103, a large vortex occupies the right vertical 

part of the cavity, and the fluid in the vertical part 

is almost stationary. As the Rayleigh number 

increases to 104, the flow pattern changes slightly 

and the streamlines follow the shape of the 

enclosure. For Ra=105, the flow intensity rises 

significantly and four vortices are established in 

the horizontal part of the enclosure. Moreover, 

three secondary vortices are created inside the 

largest vortex located in the right part of the 

enclosure. When the Rayleigh number increases 

to 106 from 105, the vortices inside the enclosure 

become stronger. The increase in Rayleigh 

number leads to the rise of the buoyancy force, as 

a result, the fluid movement is developed. 

 

 
Streamlines 
 

 
Isotherms 

The current study 

Fig. 2. Streamlines and isotherms of the current 

study under the conditions in Nithiarasu et al. 

(1998) study. 
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(a) 

 

 
(b)  

Fig. 3. Comparison of the local Nusselt number 

along the (a): hot horizontal wall (b): hot vertical 

wall for the present study and Nithiarasu et al. 

(1998)  at Ra=105. 

 

 

 Φ=0.000 Φ=0.006 

 

 

Ra=103 

  
 

 

Ra=104 

  
 

 

Ra=105 

  
 

 

Ra=106 

  

Fig. 4. Streamlines of Φ=0.000 and 0.006 at 

different Rayleigh numbers for h/H=0.1. 
 

As it can be seen in Fig. 5, by adding the 

nanoparticles, the change of the heat transfer 

characteristics does not change significantly.  When 

the Rayleigh number is 103, the isotherm lines are 

flat and parallel to each other and does not follow 

the shape of the grooves. In this Rayleigh number, 

the conduction mechanism is more significant than 

the convection one. As the Rayleigh number 

increases to 104 or 105, the isotherms change 

slightly and the isotherms adjacent to the hot wall is 

also even, however, the isotherms near the cold 

corrugated wall become rugged. As for Ra=106, the 

thermal plumes can be found above the horizontal 

hot wall and limping to the corrugated cold walls. 

As a result, the thermal boundary layer of the cold 

walls decreases. Also, for this Rayleigh number, the 

domain heat transfer mechanism is natural 

convection. 

 

 Φ=0.000 Φ=0.006 

 

 

Ra=103 

  

 

 

Ra=104 

  

 

 

Ra=105 

  

 

 

Ra=106 

  

Fig. 5. Isotherms of Φ=0.000 and 0.006 at 

different Rayleigh numbers for h/H=0.1. 
 

Figure 6 shows the streamlines of nanofluid within 

the enclosure for different height of grooves at 

different Rayleigh numbers. It was evident that the 

effect of the groove's height on flow pattern at low 

Rayleigh number (103) is very weak. This is due to 

that at low Rayleigh numbers, the convection heat 

transfer mechanism is not primary. Thus, the effect 

of groove height on natural convection is also not 

noticeable. However, at Ra=106, the increase of the 

groove height affects the flow pattern distinctly. 

When the height of the grooves increases, the fluid 

movement is restrained and the vortices are 

squeezed. Especially for h/H=0.15, the largest vortex 

located in the right vertical part of the enclosure 

follows the shape of the corrugated cold wall. 
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 Ra=103 Ra=106 

 

 

h/H=0.05 

  
 

 

h/H=0.10 

  

 

 

h/H=0.15 

  
Fig. 6. Streamlines of nanofluid ( = 0.006) inside 

the enclosure for different height of grooves and 

various Rayleigh number. 

 

 

 Ra=103 Ra=106 

 

 

h/H=0.05 

  
 

 

h/H=0.10 

  

 

 

h/H=0.15 

  

Fig. 7. Isotherms of nanofluid ( = 0.006) inside 

the enclosure for different height of grooves and 

various Rayleigh number. 
 

Figure 7 illustrates the effect of groove's height on 

isotherms at different Rayleigh numbers for 

ϕ=0.006. At Ra=103, due to the conduction-domain 

heat transfer mechanism, the isotherms change 

slightly when the height of grooves increases from 

0.05H to 0.15H and the isotherms are parallel to 

each other. As for Ra=106, when the height of the 

grooves is 0.05H, the thermal plume in the left 

horizontal part of the enclosure is large and the 

isotherms in the right vertical part are crooked and 

irregular. As the groove's height increases to 0.1H, 

the thermal plume becomes smaller because of the 

suppression of the small gap between the cold and 

hot walls. Moreover, the isotherms in the right 

regime of the enclosure become evener. At 

h/H=0.15, the thermal plume above the horizontal 

hot wall is tiny. The isotherms adjacent to the 

vertical hot wall are almost straight lines and they 

become more crowded significantly. 

 

 

 

 

 

Ra=103 

 
 

 

 

 

Ra=104 

 
 

 

 

 

Ra=105 

 
 

 

 

 

Ra=106 

 
Fig. 8. Variation of average Nusselt number at 

diferent solid volume fraction an Rayleigh 

number at various height of grooves. 

 

Figure 8 shows the variation of the average Nusselt 

number of the hot walls versus the nanoparticle 

volume fraction for different height of grooves at 

different Rayleigh numbers. It was evident that in 

all cases, the average Nusselt number increases 

linearly as increasing the volume concentration and 

has the maximum value at  = 0.06. It can be 

concluded that the heat transfer rate of 

γ‑ Al2O3/water nanofluid is higher than that of 

pure water, which is due to the high thermal 

conductivity of nanoparticles. Moreover, for every 

Rayleigh number and volume fraction of 

nanoparticle, when increasing the height of the 

grooves, the average Nusselt number increases and 

the maximum can be obtained at h=0.15W. This is 

because that as increasing the groove height, the 
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temperature gradient on hot surfaces is increased, 

which lead to that the convection heat transfer is 

more primary than conduction and the rate of heat 

transfer increases. 

The averaged Nusselt number distribution on the 

hot walls with the Rayleigh number for different 

groove height at different nanoparticle volume 

fractions are shown in Fig. 9. It can be seen, in all 

cases, when the Rayleigh number increases from 

103 to 105, the average Nusselt number changes 

slightly, which is due to that the heat transfer 

mechanism with the range of 103≤Ra≤105 is 

conduction-domain mechanism and when the 

Rayleigh number increases to 106, the domain heat 

transfer mechanism becomes convection heat 

transfer. Also, the rate of heat transfer is bigger at 

ϕ=0.006.  

 

 

 

 

 

 

h/H=0.05 

 

 

 

 

 

 

h/H=0.10 

 

 

 

 

 

 

h/H=0.15 

 
Fig. 9. Variation of the average Nusselt number 

at different Rayleigh numbers and solid volume 

fraction at various height of grooves. 
 

The effects of two kinds of nanoparticles and the 

nanoparticle volume fraction on the averaged 

Nusselt number at different Rayleigh numbers are 

illustrated in Fig. 10. It is distinct that comparing 

with the pure fluid, the effect of MWCNT-

Fe3O4/water nanofluid on heat transfer is same to γ-

Al2O3/water nanofluid. However, at each 

nanoparticle volume fraction, the heat transfer 

enhancement of MWCNT-Fe3O4/water is more 

effective than that of γ-Al2O3/water nanofluid. 

 
Fig. 10. Variation of average Nusselt number for 

different kinds of nanofluid at different Rayleigh 

numbers. 
 

5. CONCLUSION 

In this paper, the natural convection heat transfer of 

corrugated ⅂  shaped cavity filled with nanofluid 

studied using LBM. The effects of γ Al2O3/water 

nanofluid and aspect ratio of grooves on flow 

pattern and heat transfer characteristics are 

investigated. Different parameters like Rayleigh 

number, the height of grooves and nanoparticle 

volume fraction have been examined. Using an 

overview of the figures and tables following items 

can be concluded: 

-Adding nanoparticles to the working fluid leads to 

a higher heat transfer rate, which is due to the high 

thermal conductivity of nanoparticles. 

-For every Rayleigh number and volume fraction of 

nanoparticle, the increment of the height of 

grooves increases the average Nusselt number 

because of an enhancement of the hot surface and 

the temperature gradient. 

-At the range of low value of Rayleigh numbers, 

averaged Nusselt number changes slightly while 

its range increased considerably at a higher value 

of Rayleigh numbers. 
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