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ABSTRACT

For square and circular finite wall-mounted cylinders (FWMCSs) with an aspect
ratio exceeding 10, the vortex shedding near the tip area leads to the generation
of multiple tonal noises. The quantitative analysis of the spanwise distributions
of the vortex modal energy with different frequencies was quite limited. This
study employs dynamic mode decomposition to decompose the wake of FWMC
into distinct frequencies to evaluate the modal energy distribution of pressure
fluctuations at each frequency along the spanwise direction. Large eddy
simulation combined with the Ffowcs Williams—Hawkings (FW-H) acoustics
analogy is applied to a square and a circular FWMC with aspect ratio of 13.6 at
a Reynolds number of 2.3 x 10%. Two indicators to describe the spanwise energy
contribution are proposed. The results reveal that, for square FWMC, the
primary modal energy corresponding to Strouhal number (St) equal to 0.14 is
concentrated below 30% of the cylinder height L owing to the 3D effect. A
transition mode of St = 0.12 is identified in the midspan (0.3 L-0.7 L) without
significant contribution to far-field noise spectrum. For circular FWMC, the
modal energy is distributed over several frequencies, vortices cells
corresponding to the main noise band (0.2 < St < 0.23) are distributed below 0.7
L, and the vortices cells in the noise band of 0.15 < St < 0.19 distributed from
the midspan to the upper part in a dispersed manner. The noise band with St =
0.08 corresponds to tip-associated vortices gathering above 0.8L.
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The finite wall-mounted cylinder (FWMC) is a
common model utilized in scientific research and
industrial applications. FWMC will generate complex
aerodynamic and aeroacoustic phenomena  with
significant 3D effects. Attachments on the ground or
various structures like ships, high-speed trains, and
aircraft, including wind turbine prop, chimneys, antennas,
pantographs, and pitot tubes, probably generate aeolian
noise and vibration as a result of strong winds or high-
speed motion. Quantitative analysis of the correlation
between vortex shedding frequencies at different positions
in the wake of these structures and far field noise is quite
necessary in revealing the aeroacoustic noise generation
mechanism in various engineering disciplines, such as
environmental engineering and aviation.

The main phenomenon of an infinite length cylinder
is the alternate shedding of vortices with an antisymmetric
vorticity and pressure distribution pattern, known as the
von Karman vortex street. This phenomenon is 2D, quasi-
periodic, and uniform across the span of the cylinder
(Inoue & Hatakeyama, 2002). In the case of a tall FWMC,
the von Karman vortex street is affected by horseshoe
vortices at the intersection of the cylinder and the wall
plane, as well as the downward flow from the free end (or
tip) of the cylinder (Wang et al., 2006). For an FWMC
with a specific cross-sectional shape, the vortex structure
in its wake is affected not only by the Reynolds number,
as with a 2D cylinder, but also by its aspect ratio AR =
L/D, where L represents the height of the cylinder and D
represents the width of the cross-section, significantly.
Sakamoto and Arie (1983) identified a “critical aspect
ratio,” AR, below which 2D von Karman vortex street
shedding is suppressed by downwash, and the time-averaged
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Nomenclature

AR Aspect Ratio

AR, critical aspect ratio

b;(z) initial coefficient at height of z

Cp drag coefficient

C, lift coefficient

Cp pressure coefficient

Cp fluctuating pressure coefficients

D width of the cross-section

E(2) total energy at height of z

Ei(z) total energy of the ith mode at height of z

e(St,{) modal energy density

f frequency

fs sampling frequency

H height of the computational domain

ksgs subgrid-scale kinetic energy

L height of the cylinder

P(ty) pressure at the kth moment

1 filtered pressure

Q second invariant of velocity magnitude

Rej, Reynolds number based on D

Sdown distance from inlet to cylinder center

Sij resolved strain rate tensor

Sup distance from cylinder center to outlet

St Strouhal number
Strouhal number of certain modes as agreed

St. in the text, e.g., Sty, St,, St3, Sthign, Stiow
etc.

SSD Scaled Spectral Density

At time step length

|4 volume of the computational cell

U, inflow velocity

u;, u;  filtered velocity

w the total width of the computational domain

x streamwise coordinates

y normal direction coordinates

y* non-dimensional cell distance from wall

z spanwise coordinates

As filter-size

6 thickness of the base-wall boundary layer

0; Kronecker delta

¢ dimensionless height

M energy contribution to the overall flow field
energy contribution to the flow with a given

M2 frequency

0 direction angle

A, A eigenvalue, eigenvalue of the ith mode

Ay second eigenvalues of the symmetric tensor

p density

Po reference density

®;(z) the ith mode at height of z

Tjj subgrid-scale stress tensor

v kinematic viscosity

wake structure changes from quadrupole to dipole (Sattari
et al., 2012). The value of AR, ranges from 2.5 to 7,
depending on the thickness of the base-wall boundary
layer (§) and the turbulence of the incoming flow
(Kawamura et al., 1984; Luo, 1993; Hosseini et al., 2013).

When the aspect ratio exceeds the critical aspect ratio,
the boundary layer and free-end downwash are unable to
dominate the entire flow field, but instead reduce the flow
velocity in the neighboring locations, leading to a decrease
in the vortex shedding frequency. However, the frequency
of vortex shedding will not vary continuously along the
span. Vortex shedding manifests in distinct spanwise
segments with diverse frequencies, leading to a cellular
shedding vortex structure. Several vortices’ cells with
different Strouhal numbers (St = fD/U,,, where f is the
shedding frequency, and U, is the inflow velocity) are
formed along the spanwise direction in the wake of the
FWMC. This phenomenon is referred to as “cellular
variation” (Lee, 1997; Kitagawa et al., 2002; Wang &
Zhou, 2009; Moreau & Doolan, 2013), which results in
multiple peaks in the far-field noise spectrum (Porteous et
al., 2014). The number of cells increased with the aspect
ratio. Cellular variation also occurs in the wake of circular
cylinders in shear flow and can be described by the van
der Pol oscillator (Griffin, 1985; Noack, 1991). Such an
explanation can be applied to cells in the junction area
(Porteous et al., 2014). Chen et al. (2022) demonstrated
that a thick boundary layer (§/D > 4) inhibits the cellular
variation of square FWMC at L/D = 6 or 10. For FWMC
with a larger aspect ratio, prior research has overlooked
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the impact of a thicker boundary layer on wake structure.
Consequently, the discussion on boundary layer thickness
may be deemed negligible at this juncture.

In  recent decades, comprehending  flow
characteristics facilitates the investigation of noise
mechanisms of FWMCs. Porteous et al. (2017) conducted
experiments to identify four shedding regimes of square
FWMC relative to AR, namely RO (L/D <2),RI(2<L/D
< 10), Rl (10 < L/D < 18), and RII (L/D > 18). The
number of noise peaks in these regimes is zero, one, two,
and three, respectively. Yauwenas et al. (2019) conducted
experimental and numerical measurements of the wake of
square FWMCs with a range of 1.4 < L/D < 21.4, and
identified the occurrence of cellular shedding when L/D
>10. Demonstrating that cells are periodically shed in and
out of phase with each other, resulting in the tonal nature
of the noise emitted from FWMC. Similar acoustic
phenomena were found in circular FWMC experiments
(Moreau & Doolan, 2013). No tonal noise was observed
when L/D < 9 (except at L/D = 3.2, where a weak peak
noise appeared due to 3D vortex shedding, other than a
vortex street). One dominant acoustic tone exists when 9
< L/D < 18, and two acoustic tones were found in the far-
field when L/D > 18. By summarizing these results, it is
evident that the flow and noise levels approach those of a
2D cylinder as the AR increases. Sound pressure levels
generated by a square cylinder are 6-10 dB higher than
those produced by a circular cylinder when the same
aspect ratio and frontal dimension are considered. The AR
has a greater influence on a circular cylinder compared to
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square cylinders. Similar results are obtained by Becker et
al. (2008) and King and Pfizenmaier (2009). The
aforementioned studies address the distribution law of
vortex shedding frequency with height and its correlation
with far-field noise. However, there is a gap in the
literature regarding the spanwise distribution law of vortex
shedding amplitude.

Moreover, a low-frequency peak of circular FWMCs
is usually explained by “tip-associated vortices”
(Kitagawa et al., 1999), which were independent of the AR
(Sumner et al. 2004) and midspan vortex shedding
frequency. The St of this vortex is about 0.07 (Park & Lee,
2000, 2002, 2004). This vortex corresponds to the counter-
rotating tip vortex of the “Krajnovic model” for circular
FWMC wake (Pattenden et al., 2005; Frederich et al.,
2008; Krajnovic, 2011). However, the previous literature
did not directly link the noise at the tip area of the circular
FWMC to the tip vortex in the Krajnovic model. In
contrast, the flow and noise models of the square FWMC
do not include any components related to the flow from
the tip area. For example, in the “Bourgeois model”
(Bourgeois et al., 2011, 2013; Hosseini et al., 2013),
vortex filaments are periodically shed from either side of
the square and are continuously linked at both extremities
with connecting strands, forming a “full-loop” pattern in
the near wake without tip vortex structure.

Various active or passive methods can be employed
to reduce the aeolian noise generated by cylinders. The
representative active control method to suppress vortex
shedding and noise is suction on the windward side or
blowing on the leeward side through holes or slots on the
cylinder surface (Maryami et al., 2024; Maryami & Liu
2024). Vortex shedding is responsible for generating the
noise around the cylinder as well as the trailing edge noise
of the airfoil. Certain passive noise control strategies can
reduce the noise by inhibiting vortex shedding, and
techniques aimed at reducing trailing edge noise can also
be employed to decrease noise generated by the cylinders.
Porous materials are widely used in noise reduction of
trailing edge (Bernicke et al., 2019; Ananthan et al., 2020).
When applied to a cylinder, the best noise reduction effect
is achieved by covering the free-end and along the span
with porous material (Geyer, 2020). Filling porous
materials in the grooves can also help reduce noise and
drag (Moradi & Mojra, 2024). The splitter plate on the
trailing edge of a circular cylinder can reduce noise by
suppressing the large-scale vortex shedding behind the
cylinder (Wang & Li, 2023), and a flexible splitter plate
has a more significant effect (Duan & Wang, 2021).
Biomimetic riblets create vortices and control the
boundary layer, whose shape and orientation can influence
the control effect of large-scale cavity structures behind
the FWMC (Kadivar et al., 2024). A spanwise wavy-
shaped cylinder wall causes the periodic vortex shedding
to form bands instead of alternating oscillations, reducing
flow fluctuations and far-field noise (Xiao & Tong, 2023;
Qin et al., 2023). The dimples on the airfoil surface can
reduce its trailing edge noise (Ananthan et al., 2022).
Similarly, such structures on the cylindrical surface can
also suppress vortex shedding, reducing drag and noise
(Zheng et al., 2023). In addition, bio-inspired airfoil
trailing edge noise control technology also has the
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potential to be applied to the cylinder (Bodling & Sharma,
2019; Ananthan & Akkermans, 2023). The above research
demonstrates that the control means have different effects
in different spanwise positions of FWMC; thus, it is
necessary to clarify the distribution law of noise sources
along the spanwise.

This study attempts to illustrate the noise contribution
and pattern variation of each vortex shedding frequency in
both tall square and circular FWMC noise spectra in the
spanwise direction and propose a method for
quantitatively —determining the spanwise intensity
distribution of each shedding frequency. To achieve these
objectives, this study utilizes multiple spanwise transverse
cross-sections for modal analysis instead of the
longitudinal cross-sections commonly utilized in previous
studies. Longitudinal cross-sections are less specific in
displaying intensity distributions. As cellular variation is
more noticeable near the free end, and there is currently
no unified vortex shedding model for this phenomenon,
this study focused on the upper part of the FWMCs. The
aspect ratio here is set to be 13.6 (RII) to avoid discussion
about the boundary layer. The distinction between the
wakes of two types of FWMC near the free end has been
highlighted, especially in relation to the flow pattern,
intensity, and frequency of the tip-associated vortices of
the circular FWMC. The far-field noise of long-span
cylinders can be estimated utilizing the noise generated by
a small span of the cylinder with a correction method
(Kato et al., 1993; Seo & Moon, 2007). This study will
discuss whether this method is suitable for FWMCs.

Here, large eddy simulation (LES) and Ffowcs
Williams—Hawkings (FW-H) acoustics analogy results of
square FWMC with AR = 13.6 is validated by comparing
to experimental results from Moreau and Doolan (2013)
in Section 2. These methods have been extensively
utilized in this field (Afgan et al., 2007; Krajnovic, 2011;
Saeedi & Wang, 2016; Lenz et al., 2019). Direct numerical
simulation (DNS) and computational aeroacoustics are
effectively utilized in simulating flow fluctuation and
noise for 2D square and circular cylinders (Akkermans et
al., 2015; Dawi & Akkermans, 2018). Strouhal number,
pressure decay behavior, and lift and drag coefficients can
all be obtained with good agreement with experimental
results. Although DNS is computationally expensive for
simulating 3D flows with high Reynolds numbers, it is still
a potential alternative approach. The simulation results of
the two FWMCs, including the time-averaged flow field,
transient vortex patterns, pressure fluctuation spectrum
along heights, and coherence with far-field noise, are
compared in Section 3. In Section 4, DMD is applied to
analyze the fluctuating pressure coefficient of several
planes arranged in the spanwise direction of both FWMCs.
Two types of energy contribution ratio parameters are
introduced based on modal energy and plane location to
analyze the distribution of spanwise shedding intensity.
Finally, Section 5 summarizes the results and conclusions.

2. MODEL SETUP AND SIMULATION VALIDATION

Figure 1 is the sketch of the calculation models. The
side width of the square cylinder and the diameter of the
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Fig. 2 Lateral (left, y = 0 plane) and vertical views (middle and right, z = 0 plane) of grid distribution around
FWMCs

circular cylinder D = 0.01 m, and the height of the
cylinders L = 0.136 m; thus, AR = 13.6. The origin of the
coordinates is located in the center of the junction between
the cylinder and the bottom surface. The x, y, and z
coordinate axes correspond to the direction of incoming
flow U, (streamwise), the normal direction, and the
direction of cylinder extension (spanwise), respectively. A
velocity inlet boundary condition is set with U,, = 35 m/s
and 0.33% turbulent intensity, located S, = 3D = 0.03 m
upstream of the cylinder center. A zero-gauge pressure
outlet boundary condition was applied Sgown = 27D =
0.27 m downstream from the cylinder center to ensure the
full development of the wake. The total width of the
computational domain W = 16 D = 0.16 m with the
cylinder in the middle. The boundary condition of both
sides is symmetry. The top of the grid is 0.139 m away
from the free end of the cylinder, with symmetric
boundary conditions. The total height of the
computational domain H = 27.5D = 0.275 m. The no-slip
wall condition is applied to the bottom wall and the
surfaces of the cylinders. The coordinate of the noise
measure point is (0.0, 0.515, 0.0679) m. Reynolds humber
based on D Rej, = 2.3 x 10

ANSYS FLUENT 21.1.0 (2021) finite-volume solver
is applied in the research. Because the Mach number of
incoming flow is about 0.1, the simulation is assumed

incompressible.  The  governing  equation  of
incompressible LES is:

aﬁi ay _ 1 6}3 azﬁi 6'[L-j
TP C L)ty Pl or Pl P O
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axi

where @; represents the filtered velocity, p is the filtered
pressure, p is the density, v is the kinematic viscosity, and
T;j = wu, — u;u; is the subgrid-scale stress tensor. The
kinetic-energy transportation subgrid-scale model is
employed, where 7;; is modeled as:

1
2

2 _
Tij — §pksgs6ij = —2CkpksyArSij 3)

sgs

where &;; is the Kronecker delta, S;; = % %

xj
resolved strain rate tensor, A, = V/3 is the filter size, V
is the volume of the computational cell, and kg4 =
%(u,zc + uj) is the subgrid-scale Kinetic energy. kg4 is
obtained by solving its transport equation, as referenced in
Kim and Menon (1997). The values 1, 2, and 3 of i and j
correspond to the incoming direction, horizontal direction,
and spanwise direction, respectively. Pressure and
velocity are coupled with the PISO algorithm. Spatial and
temporal discretization schemes have second-order
accuracy. Time step length At = 1x105s. At first, 0.1 s
physical time of simulation is conducted to get stable
vortex shedding. Then, a 0.5 s physical time simulation is
produced to obtain instantaneous data of the flow field and
sampled with frequency of 10 kHz to compute far-field
noise by FW-H equation. The source surface is located on
the surface of the cylinders, and the FW-H formulation is
solid. Structured grid is adopted. The height of the first
layer of mesh is 6x10®m and y* = 1. Mesh distribution
around the cylinders is illustrated in Fig. 2. From the side

aﬁj .
+ a—xi) is the
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Table 1 Aerodynamic coefficient results of square
cylinder meshes with different cell numbers.

Cell number Cp RMS Cp RMS C,,
8.66 x 10° 2.76 0.1553 0.9655
14.98 x 10° 2.62 0.1319 0.8069
30.02 x 108 2.59 0.1348 0.8660
1.0 .
—o— Fine }
0.8 —— Medium —
—a— Coarse {
0.6
_1
~~
N
0.2 E
0.0+=
0.0 0.2 0.4 0.6 0.8 1.0
a/uU,

Fig. 3 Time-averaged spanwise profiles of u at x/D =
4 on plane y/D =0.6

view (y = 0 plane), the grids of the two FWMCs are the
same, and the grid around the cylinder under the
overlooking view is the same as the grid on the bottom
wall (z =0 plane).

Three square cylinder meshes with approximately 9
million, 15 million, and 30 million cells are utilized to
validate mesh independence. The number of grid points on
each side of the square FWMC, span, and towards the side
boundary of the computational domain is as follows: 50 x
120 % 84, 60 x 150 x 99, and 90 x 200 x 119. As discussed
by Krajnovic (2011), improving cell number in this range
may enhance simulation precision. However, it remains
challenging to distinguish numerical errors from modeling
errors.

Table 1 presents the aerodynamic coefficient results
of the three meshes. Figure 3 presents the normalized
spanwise time-averaged velocity distribution at the
position x/D = 4 and y/D = 0.6 behind the cylinder. The
results of medium mesh and fine mesh are quite close; thus,
the medium mesh is chosen. The numerical result of the
far-field noise spectrum from the medium mesh of the
square FWMC is validated by comparing it to the
experimental scaled spectral density (SSD) data presented
by Moreau and Doolan (2013), as illustrated in Fig. 4.

The two tonal noise peaks of square FWMC are
successfully obtained in the simulation. The amplitude
simulation results are close to the experimental ones. A
slight deviation exists in the main frequency simulation
results. However, the simulation results for the main
frequency still closely resemble the St of the 2D
cylindrical flow, indicating that the numerical method has
successfully captured the main flow phenomenon in the
wake of FWMC. A 14-million mesh, approximating the
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Fig. 4 Scaled power spectrum density validation of
square FWMC at point (0.0, 0.0679, 0.515) m.

medium mesh for the square FWMC with 240 grid points
on the circumference of the cylinder, is utilized for the
simulation of the circular FWMC (see Fig. 2).

3. COMPARISON BETWEEN RESULTS OF SQUARE
AND CIRCULAR FWMC

3.1 Wake Structure

This section compares the flow fields of the square
and circular FWMC, providing a basis for subsequent
analyses in Section 3.2. Figure 5 illustrates the time-
averaged velocity and streamlines at different spanwise
heights. A symmetric flow pattern similar to that of an
infinite cylinder was observed. Near the top, the velocity
behind the cylinder increases because of downwash. In the
case of a circular FWMC, the wake vortex structure
gradually moves toward the leeward side with the
spanwise  height  increasing,  without  sudden
morphological change.

Surface pressure coefficient (Cp) are presented in Fig.
6. The separation point remains stable along the spanwise
direction, regardless of section shapes, indicating that
cellular variation is not caused by the moving separation
point. The pressure coefficient of the separation zone at
the rear of the square FWMC increases with z/L
decreasing, whereas the circular FWMC exhibits the
opposite behavior. The minimum Cp peak located at 6 =
135° varies between 1.5 and 2.2, which is lower than Cp
5 observed in a 2D scenario and higher than Cp = 1 in
cases of finite length with an aspect ratio of approximately
3.5 (Cao et al., 2019, 2022). 1, = -85,000 (Jeong &
Hussain, 1995) iso-surface obtained with the time-
averaged velocity gradient tensor, colored by the time-
averaged streamwise velocity of the two FWMCs, is
presented in Fig. 7. Three vortex zones can be observed in
the FWMC wake, which are the vortices in the boundary
layers of the bottom wall, vortices escaping from the
cylinders in the middle and lower parts and vortices
representing downwash emitted from the free end, known
as braid vortices. And it aligns well with the results from
Yauwenas et al. (2019).
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Fig. 5 Time-averaged dimensionless velocity magnitude u/U,, distribution and streamlines in several planes
of square and circular FWMC wakes.

15 Dl ™ — L =1471% ] 15 = o L=1471% ]
10 - = 2/L=29.41% — = ZIL=29.41%
\ — = /L =44.12% 1.0 — = 7L =44.12% 7
05 X — - 7/L=58.82% - \ X — — 7/L=58.82%
0.0 ——7/L = 66.18% 0.5 \ ——7/L = 66.18%
. 7L =73.53% ] ——— 7]L = 73.53%
O‘l — ilL = 80.88‘%: O& 0.0 \ §/L = 80.880/24
-0.5 2L = 88.24% \ 2IL = 88.24%
-1.0 e -0.5
] g P
-1.5 = A . ' =
’T_:..:‘\_\Nt_—:—/- ::: 1.0 % U S —
2.0 2 15
0 30 60 90 120 150 180 0 30 60 90 120 150 180
@) 6(deg) (b) 6(deg)

Fig. 6 Surface pressure coefficient in different planes of square (a) and circular (b) FWMC

(b)
Fig. 7 A, =-85,000 iso-surface colored by time-averaged streamwise velocity (m/s) of square (a) and circular
(b) FWMC wakes
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Fig. 8 Iso-surface of pressure coefficient mean square
root colored by mean relative pressure coefficient, 0.7
for square (a) and 0.4 for circular (b)

By comparing the two cylinders, the square FWMC
has more intense vortices that continue downstream in the
lower and middle span, while the circular FWMC has the
lower and middle vortices gathering around the cylinder.
At the wall end, the circular FWMC exhibits more
continuous vortices, whereas the square FWMC displays
more fragmented vortices.

Figure 8 presents an iso-surface of RMS Cp = 0.7 in
the square FWMC wake and RMS Cp = 0.4 iso-surface in
the circular FWMC wake colored with the mean relative
pressure coefficient. A quite different pressure fluctuation
spanwise distribution is observed between square and
circular FWMCs, which corresponds well to Fig. 5.

Q 1 x 107 iso-surfaces colored by vorticity
magnitude are presented in Fig. 9 to illustrate the general
shape of the instantaneous flow field. The instantaneous
flow field is highly unsteady and asymmetric. The vortex
shedding at different heights does not form a 3D vortex
system connecting the entire span of the cylinder but
rather a series of cells, especially in the upper part. The
phase and frequency of the shedding vortex vary
according to the heights. It indicates that the Bourgeois
model is not applicable under the given AR and Re
conditions. In Fig. 7, both FWMCs exhibit braid vortices
at the tip, but this structure is not evident in the
instantaneous result presented in Fig. 9.

In terms of fluid field, the pressure fluctuation
spanwise distribution between square and circular
FWMCs are quantitively different. How this pressure
fluctuation spanwise distribution impacts the far-field
noise spectrum will be discussed in Section 3.2. The above
results include no significant segmentation of the flow
field in the spanwise direction. The reason for cellular
variation could not be found in instantaneous or time-
averaged flow field results.

3.2 Coherence Between Spanwise Velocity
Fluctuations and Far-Field Noise Spectrum

The normalized scaled spectral densities of far-field
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Fig. 9 @ = 1 x 107 iso-surface of instantaneous field
colored by vorticity magnitude (s*) of square (a) and
circular (b) in FWMC wakes

- ---square |
——circular

I \ |‘
My Jra
Py

[ : bf'n'.l ' [
e

SSD (dB/Hz)

St
Fig. 10 Scaled power spectrum density at measure
point (0.0, 0.0679, 0.515) of square and circular
FWMC

noise from both FWMCs at measurement points are
presented in Fig. 10. There are two tonal noise peaks at St
= 0.1 and 0.14, respectively, in the spectrum of square
FWMC, the tonal noise with St = 0.14 has a larger
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amplitude, which is associated with a 2D Von Karman
vortex street (Porteous et al., 2017). The St = 0.1 peak is
close to the vortex shedding frequency of a short-span (AR
= 4) square FWMC (Sattari et al., 2012; Bourgeois et al.,
2013; and Saeedi & Wang, 2016). For the circular FWMC,
the St band with the maximum amplitude is around 0.22
(marked by A in Fig. 10) which corresponds to the 2D
vortex shedding frequency. Other St bands with relatively
high amplitude values are approximately 0.07 and 0.15 to
0.19 (marked by C and B, respectively).

Figure 11(a) illustrates the spectra of fluctuating
velocity at x = 0.02 m and y = 0.005 m along spanwise of
the square cylinder, which matches well with the
experimental results of Moreau and Doolan (2013). The
distribution of velocity fluctuations can be observed as
follows: when z/L < 0.6, St of fluctuating velocity is
about 0.14, for z/L between 0.5and 0.9, St = 0.1, and z/L
> 0.9, the fluctuation disappears because of the downwash
flow above the free end. Figure 11(b) illustrates the
relationship between the near-field flow pattern and far-
field noise, which is established by calculating the
coherence of velocity fluctuation in the time domain and
far-field sound pressure in the frequency domain,
considering the sound propagation time delay. The results
are filtered to highlight the parts with coherence > 0.7 (the

filtered equation f(x) = %tanh(S(x —0.7) + 1)). In the

z/L

(a) Fluctuating Velocity Spectra (m/s)

range of z/L < 0.6, the highest coherence occurs at St =
0.14. When z/L > 0.6, the highest coherence occurs at St
~ 0.1. The causality between the flow phenomena around
the lower part and the main noise peak at St ~ 0.14 has
been demonstrated. While the tonal noise at St ~ 0.1 is
associated with flow fluctuations in the upper part (z/L >
0.6).

The same analysis method is applied to a circular
cylinder. The fluctuating velocity and filtered coherence
of a series of points at x =0.02 m and y = 0.005 m in the
flow field around a circular cylinder along the Z axis are
presented in Fig. 12(a) and (b). Regarding the circular
FWMC, Fig. 12(a) demonstrates that the spectra of
fluctuating velocity reach their maximum value when z/L
< 0.6 and exhibit a far-field tonal noise at St = 0.22. Figure
12(b) describes three areas of high coherence at different
spanwise positions, and three groups of corresponding
relationships between the z/L ranges and St can be
identified by comparing Figs. 10 and 12(b). That is, A)
z/L <0.6and St ~0.22,B)0.5<z/L <0.9and 0.15< St
<0.19,and C) 0.85 < z/L < 0.95 and St = 0.07. The areas
in both figures are also denoted by A, B, and C. The
simulation findings agree with the experimental results of
Moreau and Doolan (2013) in terms of the St and
spanwise range.
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Fig. 11 Spanwise distribution of fluctuating velocity and its coherence with far-field noise spectrum at
x/D =2, y/D =0.5 of flow field of finite square cylinder
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Fig. 12 Spanwise distribution of fluctuating velocity and its coherence with far-field noise spectrum at x/D =
2, y/D = 0.5 of flow field of finite circular cylinder
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Fig. 13 Distribution of eigenvalues of DMD modes of square FWMC wakes at each height on complex plane

By comparing Figs. 11 and 12, it is concluded that in
the upper part (z/L > 0.6), there is only one fixed
frequency value in the far noise field of the square FWMC.
In contrast, there are multiple noise frequencies near the
free end for the circular cylinder. Flow phenomena with a
specific frequency and height distribution range can be
identified as the source of far-field noise.

In summary, cellular variation is a phenomenon that
only occurs in the frequency domain and is not directly
reflected in the flow field. Only one cellular variation
occurred in the middle and upper part of the square
FWMC, and the tip vortex system did not affect the vortex
shedding frequency. The circular FWMC exhibited
cellular variation several times along the midspan and the
tip area.
4, MODAL ENERGY SPANWISE
DISTRIBUTION ANALYSIS UTILIZING
DMD

4.1 Conventions

In this section, 68 snapshots of fluctuating pressure
coefficients C} are captured in the two FWMC flow fields,
and DMD modes are calculated in several sections along
the spanwise, where:

P(ty) — P
C[;(tk) =17,k: 1,2,...,n (4)
jPoUozo
Here, po = 1.225kg/m?, P =~ Y%, P(t;), n = 68,

P(t;) represents the pressure at the kth moment. Sampling
frequency f, = 2000 Hz and mode frequencies are
nondimensionalized as St = fD/U,. Flow phenomenon
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with St < 0.29 (or f <1000 Hz = 0.5f;) can be obtained.
The time-averaged value was subtracted from the data
results in the DMD mode with a frequency of 0, which
represents the time-averaged field (eigenvalue A4 = 1) and
has an amplitude of 0. Therefore, the noise source is better
characterized. The total energy of the ith mode at the
height of z is denoted as E;(z), and the total energy of this
section, denoted E (z), can be expressed as:

Ei(z) = Z”A’ ()0 (D)

E(z) = ZE (2) (6)

Here, /1 |s the corresponding eigenvalue, b;(z) is the
initial coefficient at a height of z and /1] 'b,(z) is the time

coefficient of the ith mode ®;(z) of thls location at the jth
moment.

)

4.2 Selection and Description of Major Modes

Figures 13 and 14 depict the real and imaginary parts
of the eigenvalues for each mode of each plane in the
square and circular FWMC wake. The eigenvalues of
DMD modes at a specific height are predominantly
distributed around the unit circle in the complex plane,
indicating that these modes remain stable over time.
Furthermore, the St distribution of eigenvalues remains
consistent across all heights in these figures. Specifically,
the eigenvalues of all modes at different heights fall within
-33-34 times the ASt ~ 0.0084. Therefore, connections
can be established between flows of the same frequency at
different altitudes. Positive frequency modes are chosen to
represent the conjugate pair. The mode with A = -1
is ignored. Modes that meet the following conditions are
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Fig. 14 Distribution of eigenvalues of DMD modes of circular FWMC wakes at each height on complex plane

marked on the graph: first, E;(z) is a local maximum
value; second, E;(2)/E (z) > 2.5%; third, they satisfy the
former two conditions and have the top three E;(z) values.
These modes will be assigned the codes of Modes 1, 2, and
3 according to the value of E;(z) in descending order, and
their Strouhal numbers are noted as St;, St,, and St;. If
fewer than three modes meet these conditions, only one or
two modes will be listed.

Figures 15 and 16 present the real components of
these three major modes. In the case of the square FWMC
(Fig. 15), the first three high-energy modes in each height
might correspond to the different frequencies. The high-
frequency modes are Stp,;4p, = 0.10, 0.12, and 0.14, which
all demonstrate antisymmetric patterns and correspond to
the morphology of the von Karman vortex street. The low-
frequency mode is St;,,, =0.02, which are symmetric.
Symmetric mode occurs when two high-frequency modes
simultaneously appear, and St,,, = Stpign1 — Sthignz »
for instance St;,,, = 0.02 = 0.14 — 0.12, as illustrated in
Fig. 15(b). When two signals of similar frequency and
amplitude are superimposed, they will periodically
reinforce and cancel each other out. This results in the
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low-frequency components appearing in the spectrum.
This phenomenon corresponds to the periodic change in
amplitude, which was named “nonlinear beat” by earlier
researchers and has been observed in experiments and
numerical research (Noack, 1991).

In addition, the mode with Sty;,, =0.12 only appears
within a limited range of span (0.44 < z/L < 0.66)
resulting in a small amount of energy in total; hence, their
influence on the far-field noise can be ignored.

No mode corresponding to the braid vortices in the
time-averaged flow field near the tip of the square FWMC
was identified. By comparing images of flow patterns at
various heights in the upper part of the FWMC, as
illustrated in Fig. 15, it is observed that the vortex behind
the cylinder is compressed because of downwash flow
from the free end.

For the circular FWMC (Fig. 16), modes with St >
0.08 exhibit the typical antisymmetric pattern of a von
Karman vortex street. In addition to the plane near the top,
the low-frequency modes (St < 0.05) are symmetric. In the
midspan (0.44 < z/L < 0.88), symmetric modes exhibit
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nonlinear beat at this height. In the highest plane, z/L =
0.96 (z = 0.13 m), three main modes have been identified.
Mode 1, with St; = 0.08, has been previously discussed.
Mode 2, with St, =~ 0.03, differs from the previous low-
frequency modes and may be related to nonlinear beat
phenomena. Mode 3 is symmetric and satisfies St; =
St, — St, 0.06, demonstrating “tip-associated
vortices” (Moreau & Doolan, 2013). The analysis above
indicates that both noise bands A and B in Figs. 10 and

12(b) are produced by wvon Karman vortex streets
influenced by cellular variation. In contrast, Band C is
formed by both antisymmetric flow from the cylinder
surface and symmetric flow from the top. No tonal noise
corresponds to the tip-associated vortices in the spectrum
of the square FWMC, while braid vortices are present in
its time-averaged flow field. Therefore, the tip-associated
vortices are considered to be different from the braid
vortices in the time-averaged flow field, as illustrated in
Fig. 7.

(f1)
HEE @

-0.007 -0.0035

0

0.0035 0.007

Fig. 15 Real parts of major DMD modes of square FWMC wakes: (a) z =0.04 m; (b) z=0.06 m; (c) z=0.08 m;
(d)z=0.09m; (e) z=0.10m; (f) z=0.12m
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4.3 Spanwise Distribution of Model Energy Density

St is considered an independent variable for
investigating the distribution of energy. As illustrated in
Fig. 17, the modal energy density at a specific St and
dimensionless height { = z/L is obtained from DMD
operation and expressed as e(St, ), which satisfies:

~ E(() ()
{=z/L

where ASt is the step of St in DMD, and there are 68

modes utilized in total, with St varying from -33ASt to
34ASt.

34ASt
f e(St,{)dSt

—33ASt

This article defined two types of energy contribution
parameters to estimate the energy distribution along the
spanwise direction, as expressed in Egs. (8) and (9).

5t,0) = e(5t.4) ®)
. [P0 [Le(st,q)dgdst
e(St, )
N2(St, Olse=st; = = 9
Jyest.odg|

Where n, represents the energy contribution to the
overall flow field and n, refers to the energy contribution
to the flow with a given frequency St;. It is easy to obtain
Egs. (10) and (11).
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34ASt 1
f f nu(St,0)dgdst = 1
33ASt Y0

(10)

=1

St=St;

1
f n2(5t,0)d¢
0

D

This implies that the integral of n; over St and
¢ signifies the percentage of the modal energy
contribution of the unsteady flow within a specific range
to the overall flow field, whereas the integral of n, over {
signifies the percentage of the flow with the frequency of
St; in the span range to the total energy at this frequency.

For square FWMC, the results of n, and n, with
positive St are presented in waterfall diagrams (Fig. 18).
Dominant frequencies are highlighted in colors, and the
minor modes are in grey in Fig. 18(a) and omitted in Fig.
18(b). First, the flow with St ~ 0.14 contains the majority
of the energy in the overall flow field. It and its conjugate
modes contribute 37% of the overall modal energy.
Different from that of infinite 2D square wake flow, about
60% of the modal energy of St =~ 0.14 mode is
concentrated in the middle-low part, which is below z/L
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= 0.3 because of the 3D impact. A similar phenomenon is
observed for St = 0.29, which is double the frequency of
St = 0.14. Second, more than 60% of the energy of St =
0.10 is concentrated above z/L = 0.7, which is caused by
the down-washing flow. The conjugate modes of this
frequency contribute 5% to the overall modal energy. The
flow of St = 0.14 and St ~ 0.10 is the main source of far-
field noise. The transition mode, characterized by St =
0.12, has 4% overall contribution and over 70% of its
energy concentrated in the range of z/L from 0.3 to 0.7.
This frequency makes a minimal contribution to the modal
energy of the overall wake without a corresponding far-
field noise spectrum peak. A similar situation for the
nonlinear beat flow with St ~ 0.03 contains 3% overall
modal energy contribution with its conjugate mode and
over 65% of its energy distributed in the span range of
0.3 L-0.7 L. The contribution of other St flows to the
overall flow field can be ignored.

For circular FWMC, the results of n, and 7, with
positive St are summarized in Fig. 19. For Strouhal
numbers in the noise band A (as presented in Fig. 12), the
modal distribution energy of St = 0.21, corresponding to
the 2D infinite circular cylinder vortex shedding
frequency, is mainly concentrated in the middle part with
z/L range of 0.3-0.7. And 55% energy of St = 0.23 is
distributed below z/L = 0.4. The modal energy
contribution ratio of the two frequencies to the overall
flow field is 7% and 3%, respectively. For Band B, the
value of St decreases from 0.19 to 0.15, causing more
than 50% of the energy to shift from z/L = 0.4 to z/L=
0.95. The smaller the value of St, the greater the
concentration of energy in the upper part. The overall
modal energy contribution ratio of each frequency is
approximately 3%. In Band C, the energy is
predominantly concentrated near the upper region. Over
70% of the energy flux with St =~ 0.08 is concentrated at
z/L =0.8, as well as St = 0.02. The overall modal energy
contribution of both frequencies is approximately 6%.
Though the flow distribution range at the top is relatively
narrow, it possesses significant energy and results in
noticeable noise in the far-field. The frequency Bands A
and B can be considered a result of gradual cellular
variation across almost the entire span of the circular
FWMC, excluding the tip area. The noise in frequency
Band C is caused by tip-associated vortices. Compared
with the modal energy of square FWMC, which is
concentrated in a single frequency (St = 0.14), the circular
FWMC energy is more dispersed, with relatively large
modal energy contribution frequencies at St ~ 0.02, 0.08,
and 0.21.

Combining the results of square and circular FWMC
from Figs. 18 and 19, it can be found that the energy
contribution for the circular FWMC is greater in the upper
portion and smaller in the lower portion. In contrast, the
modal energy of the square FWMC mainly concentrates
in the lower part. This corresponds to the pressure mean
square root distribution rule depicted in Fig. 8. And it
indicates that, for both circular and square FWMC, the
correlation between the flow fluctuation and the far-field
noise spectrum characteristics varies along the spanwise
of the FWMC. Furthermore, the assumption of “statistical
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homogeneity in the spanwise direction” is not satisfied in
this situation. Therefore, applying the correction method
from Kato et al. (1993) or Seo and Moon (2007) to
estimate far-field noise applied to FWMCs near free-ends
or junction areas could be further discussed or modified.

The shedding frequency of 2D von Karman vortices
depends on the fluid’s viscosity (usually constant), the
size of the blunt body, and the incoming flow velocity. For
a 3D cylinder, if the distribution of the width (which
determines the intensity of the shedding vortices) and the
velocity of the incoming flow is known, the cellular
distribution of the vortex shedding frequency can be
determined (Noack, 1991). The decrease in vortex
shedding frequency near the free end of the FWMC can
be explained by the downwash flow at the free end
reducing the local incoming flow velocity or changing the
direction of local flow. Combined with the distribution of
the modal energy of the two FWMCs and the sound source
structure analysis, the circular cylinder’s low-frequency
tip-associated  vortices  strengthen  the  pressure
fluctuations in this area. This requires the lower and
middle 2D vortex shedding frequencies (St =~ 0.21) to pass
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through more frequencies to transition to the lower
frequency (St = 0.08) in the upper part. While the square
FWMC has no structure corresponding to the noise at the
free end, the vortex shedding frequency of the upper part
is not significantly different from that of the middle and
lower parts, resulting in a small number of vortices
shedding frequency cells generated. And more modal
energy is also distributed in the middle and lower parts of
the cylinder. In further research, if several physical
quantities can be extracted from the flow field with
distributions similar to the modal energy along the
spanwise direction revealed here, it is possible to directly
estimate the cellular variation of FWMC from these
quantities. The computational cost of estimating cellular
vortex shedding from FWMC and its vibration and far-
field noise may be significantly reduced.

5. CONCLUSION

A hybrid acoustic method of LES combined with
FW-H equation is utilized to investigate the flow field and
far-field noise around FWMCs with square and circular
cross-sections. The AR of both FWMCs is 13.6.
Numerical results comparing square and circular FWMCs
are analyzed from various perspectives. DMD is
performed to deal with the fluctuating pressure
coefficients at different heights of the FWMCs. Two types
of modal energy contribution ratios are introduced to
quantitively describe the spanwise distribution of flow
phenomena. In summary, the following conclusion can be
drawn.

® For the square FWMC, the main far-field noise peak
at St = 0.14 comes from the height span below 0.3 L.
The secondary noise peak with St =~ 0.10 was
generated from the height span above 0.7 L. In the
midspan (0.3 L 0.7 L ), where modes of both
frequencies exist simultaneously, a transition mode
of St = 0.12 is identified without significant noise
contribution to the far-field noise spectrum.

® For the circular FWMC, two vortices cells correspond
to the main noise band (0.2 < St < 0.23) of circular
FWMC distributed below 0.7 L. During this span,
the cell frequencies are relatively concentrated. The
vortices cells in the noise band of 0.15 < St < 0.19
distributed from the midspan to the upper part in a
dispersed manner. The noise band with St ~ 0.08
corresponds to tip-associated vortices gathering in
the span above 0.8 L.

® For any height of both cylinders, if there are two
primary modes simultaneously, a symmetrical low-
frequency nonlinear beat mode will occur with a
frequency equal to the frequency difference of these
two modes. This low-frequency mode does not
exhibit a response in the far-field noise spectra.

® The modal energy of circular FWMC is more
concentrated near the top, while that of square FWMC is
concentrated at the lower part. The far-field sound
pressure level of FWMCs cannot be estimated via the
correction method that assumes the amplitude of acoustic
pressure radiated from each subsection of the cylinder is
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the same.

The conclusions mentioned above are contingent
upon the cross-sectional shape of the square and circle, the
prevailing aspect ratio within the range of RIl (10-18),
and the incoming flow conditions of the subcritical
Reynolds number. However, the analytical method
outlined here has the potential to be applied to various
geometries and incoming flow conditions, thereby
offering a more comprehensive and immediate insight
into vortex shedding and far-field noise. By determining
the source location of each tonal noise, researchers and
engineers can apply flow control and noise reduction
methods more precisely.
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